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ABSTRACT
We present a numerical integration scheme for the propa-
gation of particles/rays within continuous, inhomogeneous
media, represented as discrete scalar fields. Our method
aims at the calculation of energy distribution, where the ini-
tial energy is evenly distributed over a large number of par-
ticles, which are traced through the medium. While travers-
ing the particles interact with the medium by means of ab-
sorption, reflection and refraction. To calculate these paths,
we construct a numerical integration formula based on re-
fraction and reflection laws given for rigid material bound-
aries. Numerical examples show that our method correctly
traces particles/rays within e.g. curved optical fibers with a
circular cross-section density.
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1 Introduction

Particle tracing is often used to model the propagation of
optical and acoustic waves. Prominent examples are bi-
directional ray-tracing methods like photon tracing [1] and
equivalent methods in geometric acoustics [2, 3]. Unfor-
tunately, most approaches are based on linear ray-tracing
and do not consider the influence of completely inhomoge-
neous media on the ray/particle direction. The only case
where reflection and refraction rules are correctly applied
is at rigid material interfaces.

Especially in the field of medical visualization the un-
derlying data sets are given as discrete scalar/vector data
on a regular grid. This data most often contains features
which are very small in extend and large in number, such
that an effective modelling with boundary representations
is not feasible. The same holds for smoothly varying re-
gions. This in turn hinders simulation methods in approxi-
mating trajectories with e.g. poly-lines.

In order to simulate ultrasound images (see [4]) it is
necessary to know the sound propagation paths, since these
strongly affect the image generation process. This is espe-
cially apparent for ultrasound artifacts known as reverbera-
tion and mirroring. With existing methods this type of arti-
facts cannot be generated, since multiple reflections are not
handled. The use of particle systems with general path tra-

jectories can handle these multiple reflections/refractions
such that most kinds of artifacts can be generated.

In this work, we make the following contributions:
We present a numerical integration scheme for tracing
particle paths representing energy portions traversing a
medium. The resulting trajectories are timeless, since for
particles (in contrast to wave propagation) the interaction
with the matter is independent from propagation speed.
Applying the material dependant propagation speeds to the
trajectories it is even possible to model runtime/depth arti-
facts for ultrasound images.

Although developed with special interest in simulat-
ing medical ultrasound images, our method facilitates a va-
riety of applications such as acoustic simulations as well as
photo-realistic rendering. Numerical examples suggest that
our method provides correct results for different settings.

2 Related Work

This work is strongly related to techniques like non-linear
ray-tracing [5] and particle tracing [6, 7]. These methods
are similar, in that the ray/particle paths are influenced by
the given setting, e.g. by gravitational forces, or refrac-
tions at object interfaces [8]. The main difference is that
our method does not assume a quasi-homogenous setting,
but handles a completely inhomogeneous medium with
anisotropic effects. So the ray/particle-paths are not only
affected at object boundaries (which is the case for e.g.
glass objects). Despite that it is not possible to approxi-
mate geodesics by e.g. poly-lines, since the medium does
not vary smoothly as is the case for e.g. a gravitational
field.

Another similarity is given to wave propagation meth-
ods [9]. These methods can handle completely inhomo-
geneous media and the resulting energy distributions can
be calculated. Other techniques that need to be mentioned
in this regard are the finite element methods, which can
be applied successfully to wave and particle propagation
problems. Unfortunately these methods are computation-
ally very expensive and expose unwanted and disturbing
boundary effects (no method is known to handle perfectly
absorbing boundaries).

Although the computational complexity can be re-
duced dramatically e.g. in using Monte Carlo based tech-



niques [10, 11] these methods can only be applied when
special assumptions are valid for the underlying model. As
an example assume dense random media. For the applica-
tion in scope, i.e. simulation of ultrasound images such a
model cannot be used since the human anatomy does ex-
pose significant structure.

As a last similarity the direct volume rendering needs
to be mentioned. Neglecting sophisticated methods during
the rendering process all the information needed to calcu-
late non-uniform ray traversal is also generated to perform
the color computation (e.g. gradients). The main differ-
ence of course is that the rays used for volume rendering
are linear structures in general.

3 Implementation

There exist three fundamental cases how a particle is af-
fected when traversing the scalar density field. First, the
medium might be homogeneous. In this case the particle
direction is not affected at all and the particle position can
be calculated by moving an integral step into the given di-
rection. The two other cases occur when the tissue density
is not homogenous. In this case the particle travels from a
region of lower density to a region with higher density or
vice versa. Consider the two cases shown in figure 1. The
law of refraction, also known as Snell’s law, is given by
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where d∗ denote the respective densities, αi denotes the
incidence angle and αt the transmit angle between the in-
terface normal and the particle propagation direction. The
law of reflection is given by
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be coplanar, which is always true for the two-dimensional
case.

Looking at figure 1 it is obvious that two different
density values are needed to calculate the the new direc-
tion. In the case of a density field (given as a discrete
scalar map), one needs to adapt these refraction and reflec-
tion rules such that they can be applied to integrate rays
(considered as particle trajectories) through a medium with
varying density. Depending on the integral step size this
point is not obvious for a discrete density field. To avoid
expensive calculations we decided to formulate the density
based on the discrete gradient information. For a position
(x, y), we define a density d0 at position (x, y) and the gra-
dient vector

⇀
g (x, y) = (d(x+1,y)−d(x−1,y), d(x,y+1)−d(x,y−1)), (3)

(a) refraction only

(b) refraction and total reflection

Figure 1. Different effects depending on the tissue density
gradient

where d(x,y) denotes the density value at position (x, y).
For a particle traversing in direction

⇀
r we calculate the tis-

sue density beyond the interface according to

d1 = d0 + s · <
⇀
g | ⇀

r >

|| ⇀
g || · || ⇀

r ||
· ⇀

g , (4)

where < ·|· > is the Euclidean scalar product and s is
the integration step. Since sub-pixel accurate calculations
should be performed, the particle locations do not coincide
with the pixel positions in general. Hence a bilinear in-
terpolation is performed for the density value, the gradient
direction as well as the gradient magnitude. The gradient is
interpolated from precalculated values at the discrete map
locations to gain computational speed.

Now, the pure refraction is investigated (see figure
1a). In order to calculate the refracted direction vector the



sines of the respective angles between the ray/particle di-
rection

⇀
r and gradient are required. These are calculated

by taking the inner product between the particle direction
and a vector orthogonal to the gradient,

⇀
g
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= (−gy, gx) (5)

In total the sine of the angle between the refracted particle
direction and the gradient is

sinαt = sin αi · d0
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where αi denotes the incident angle and αt the transmitted
i.e. refracted angle. The respective cosine value can be
calculated by using the equality

sin2α + cos2 α = 1. (7)

Having all necessary information at hand the refracted di-
rection is calculated by rotating the direction vector to-
wards the gradient. This is formulated as
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The second case, i.e. when traversing from a higher
density to a smaller one, is a bit more involved as depicted
in figure 1 b). In principle the refraction is calculated as
in the former case, bearing in mind that the gradient direc-
tion is inverted. However, the value for sinαt can become
greater than one when using equation 4. In this case the
particle direction is not refracted any more, but reflected at
the tissue boundary. This effect is known as total reflection.
The reflected vector is calculated as follows
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Figure 2 gives a very simple example of the differ-
ent effects. The particles are inserted into the medium
with fan shaped directions at the left side. The intensity of
the background indicates different densities of the medium.
Lighter regions are denser than darker regions. The first
interactions the particle undergoes are with homogeneous
medium, so the path is not affected at all. Looking at the
first interface one observes that the particle path is refracted
towards the interface normal (gradient). At the second
boundary the inner particles are transmitted and thereby re-
fracted away from the interface normal, whereas the outer
particles are reflected by the law of total reflection. The re-
flected particles again interact with the first interface, and
again they are refracted away from the gradient direction.

Until now we investigated only the case of total reflec-
tion. Despite this effect reflection always occurs at a certain
degree, depending on the properties of the participating me-
dia. For real world physical processes (e.g. acoustics, light

Figure 2. Refraction and reflection shown for a very simple
configuration

transport, etc.) the tradeoff between reflection and refrac-
tion can be described as

R =
(Z2/ cos αt) − (Z1/ cos αi)
(Z2/ cos αt) + (Z1/ cos αi)

T =
2(Z1/ cos αi)

(Z2/ cos αt) + (Z1/ cos αi)
, (10)

where αi is the incident angle and αt is the transmitted
angle, which are related to each other by Snell’s law (1).

Unfortunately a particle can undergo a single interac-
tion only and can not be split (as would be the case for the
energy distribution of light waves). Therefor this behavior
needs to be modelled statistically. This is done in taking
an evenly distributed random variable deciding whether a
particle is reflected or transmitted. Then the raw energy of
a particle is modulated according to equations 10.

As described above the particle/ray propagation
method results in quite nice propagation paths for very sim-
ple settings as shown in figures 2 and 4. Applying the
method to more general settings the expected effects are
largely affected by the geometry, such that some kind of
”geometric artifacts” will occur, which significantly disturb
the final particle distribution. These artifacts develop due to
the fact, that the particles have very distinct paths and travel
within a discretized medium, such that particle groups are
reflected in a very similar way resulting in sharp corners.
This effect cannot be found in e.g. medical imaging and is
in consequence disturbing. Ray-tracing obviously suffers
from very similar problems due to pure specular reflec-
tions. However, in ray-tracing an appropriate local light-
ing model is used, to remedy the situation, for example the
”Phong shading”-model. This model can be reformulated
for the particle propagation process, to model diffusely re-
flecting boundaries. Therefore a distribution function is
evaluated, which slightly alters the path of the reflected par-
ticles, adjusting the transmitted energy accordingly. This is
depicted in figure 3. Since a concept-like ”viewer” is not



Figure 3. Distributing reflected rays

available, when tracing particles the angle between viewer
and reflected ray - as used with the Phong model - needs
to be given a priory. The valid angular range is given as
[0, π/2]. Upon selecting an appropriate angle φd the distri-
bution weight is calculated according to

w(φd, c) = cosc(φd). (11)

The parameter c is used in analogy to the material parame-
ter of the Phong model. There are two plausible ways to
interpret this parameter

• c is associated to the density of the reflecting material,
i.e. d1 in equation 4

• c is associated to the density gradient magnitude of the
respective interface, i.e. d1/d0.

The first interpretation is based on the observation that the
particle is reflected upon the material beyond the interface
(as is done with normal ray-tracing), and the second in-
terpretation is based on the observation, that the material
in front of the interface significantly affects the reflection.
The latter interpretation differs from ordinary ray-tracing,
since ray-tracing does not assume any matter between ob-
jects. There are also several ways to interpret the weighting
function w(φd, c) itself e.g.

• w is associated with a probability, distributing the re-
sulting particle/ray direction while keeping the energy
of a particle constant

• the particle directions are distributed evenly over the
whole opening angle φd, with w describing the ac-
cording energy modulation.

The former interpretation is useful, when a lossless scat-
tering is assumed, i.e. no energy is lost in the scatter-
ing process (this could be assumed for light transport).
The latter interpretation is used to model lossy scattering
processes, where acoustic energy is transformed into heat
energy, which is not available in the visualization process
any longer (e.g. ultrasound).

4 Results

Figure 4 depicts particle trajectories in a particle guide (in
analogy to wave guide), which can be identified with a
light-wave cable. In subfigure a) the particles were injected
in parallel, whereas in the subfigure b) the particles were
injected fan shaped. The fact that both traces remain com-
pletely within the fiber and that the width of the trajectory
track of the particle set does not increase with path length
suggests that our integration method is physically correct
and sufficiently accurate.

(a) The particles are injected in parallel at the
lower left end

(b) The particles were injected fan shaped

Figure 4. Particle guide (e.g. bent light-wave cable). The
particles travel along the fibre and never leave it. Espe-
cially the diameter of the complete particle track remains
constant.

Figure 5 gives a more practical example of the particle
tracing. Subfigure a) depicts an inhomogeneous medium.



Please note that the material properties were selected by
a transfer function, which firstly does not model real tis-
sue parameters (as would be used for medical applications)
and secondly was selected such that the resulting effects
are clearly visible. The particles were injected in parallel
from the upper right. The direction was chosen to be equal
for all particles and points to the lower left. Interestingly,
we do not get a homogenous distribution as shown in sub-
figure b). Instead bunches of particles follow local features
in the data set. Another really interesting point is, that the
particles form energy accumulations at the lower feature
interfaces, which is (at least in the context of ultrasound
imaging) known as sedimentation.

(a) The underlying tissue data which stems from an MRI data set
and was transformed using an appropriate transfer function

(b) The resulting intensity profile

Figure 5. The resulting intensity profile generated with par-
ticle tracing. Note the sedimentation at the feature bottom
interfaces

A particle beam interaction with a reflector is depicted
in figure 6. Subfigure (a) shows the definition of the re-
flector, subfigure (b) shows the resulting (truncated) parti-
cle traces and subfigure (c) a respective intensity profile.

(a) The reflector modelled as a homoge-
nous interface upon inhomogeneous mat-
ter

(b) The resulting color coded particle
trace (traces truncated for visibility)

(c) The intensity profile shows the diffuse
reflection as well as the specular reflec-
tion at the right

Figure 6. Simulating a particle beam interaction for a com-
plex reflector. Specular and diffuse reflection as well as
sub-surface scattering occur

The particles were injected parallel to the white arrow. The
main (specular) reflection direction is indicated by a black
arrow. The colors of the particle trace were chosen as a
transition from blue (high intensity) to red (low intensity).
Please note, that the specular reflection is of high inten-
sity, whereas the diffuse reflection is of significantly lower
intensity. This can also be observed in the intensity pro-
file, which was extracted over a semicircle centered at the



middle of the incident beam and at hight of the reflector
interface.

The particle beam first hits a homogeneous interface
(marked in red figure 6(a)) at an angle of 45◦. A subset of
particles is directly reflected at the interface and produces
the specular reflection which can be found at the right side
of the image and in the intensity profile (figure 6(c)) respec-
tively. The other particles traverse the interface and interact
with the inhomogeneous medium, where they are scattered
several times. Note that the traces of the scattered parti-
cles clearly show, that some will never leave the medium,
whereas other particles will leave the medium at a signifi-
cant distance from the incident beam.

5 Conclusion

We presented a new integration scheme for the propaga-
tion of particles in inhomogeneous data fields. This type of
propagation is suited to model energy propagation for e.g.
ultrasound image simulation. Using the proposed method
very important types of artifacts, namely reverberation and
mirroring can be investigated which is not possible with ex-
isting methods. Although called artifacts (with respect to
visualization) these phenomena are an integral and impor-
tant component of ultrasound images and need to be mod-
elled appropriately to get realistic looking results.

Despite the application of ultrasound image simula-
tion the propagation scheme can be used to implement in-
homogeneous materials in ray/photon-tracing as well in
phonon-tracing. The method can be easily extended to
higher dimensions and can also incorporate vector valued
data instead of the scalar data, such that frequency depen-
dant behavior can be introduced.
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