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Summary . We proposean iterativ e fairing method for scalar �elds reducing the ar-
tifacts of bi- and trilinear interpolation. Our method reconstructs a two-dimensional
scalar �eld from interpolation constraints optimizing the smoothnessof its contours
(isolines) basedon variational principles. It generalizesto the triv ariate caseand is
used to increasethe qualit y of data sets employing a cubic B-spline representation.
In contrast to �ltering methods, our approach preservesthe level of detail, enhancing
features supported by the data while reducing interpolation artifacts.

1 In tro duction

Visualization of data de�ned on regular grids is mostly basedon (multi-)linear
interpolation. Examples are view-dependent rendering of piecewiselinear el-
evation models and volume rendering of trilinearly interpolated computer
tomography data. In regions of high geometric complexity, multilinear in-
terpolation intro ducesartifacts that are particularly visible in extracted con-
tours, like elevation lines and isosurfaces.Besidesof lacking smoothness,small
topological featuresof thesecontours are often damagedby the interpolation
method. In this work, we demonstrate that interpolation artifacts can be re-
duced signi�cantly without eliminating such features. We present a contour
fairing-method providing a bicubic B-spline representation of two-dimensional
scalar �elds. Our algorithm generalizesto the triv ariate caseand is used to
increasethe quality when re-sampling data setsat higher resolution.

Fairness of a scalar �eld can be de�ned reciprocal to the magnitude of
its principal curvatures. Smooth interpolation basedon cubic B-Splines, for
example, provides fair curves, surfaces,and volumes. However, the contours
of such representations are not assmooth asthey could be, see�gure 1. Many
small contour components of high curvature do not represent features sup-
ported by data and could be merged to larger and smoother components.
An approach is neededfor fairing each individual contour of an interpolating
scalar �eld. While fairing techniques for parametric curves and surfacesare
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Fig. 1. Contours of an analytic function (a) sampled on a 10� 10-grid. (b) Bilinear
interpolation; (c) bicubic interpolation; (d) sinc interpolation; (e) our interpolating
method (5 iterations); (f ) our approximating method (5 iterations, w = 0:5).

well known, we consider the problem of fairing implicitly de�ned geometry.
In the present work, we propose a global optimization processminimizing
the variation of the scalar �eld's gradient along all individual contours. The
method can be combined with interpolation asshown in �gure 1(e) or approx-
imation, see�gure 1(f).

These are the contents of our work: In section 2, we summarize related
work. Section 3 presents our contour fairing approach for scalar �elds, ex-
tending an earlier approach [2]. As basis functions, we use bicubic B-splines
with dyadic re�nement by knot insertion. In section 4, we provide numerical
examplesand concludeour work in section 5.

2 Related Work

Following the initial idea of marching cubes[10], a variety of di�eren t contour-
ing schemeshave beenproposedfor trilinear volume data. E�cien t methods
extract multiple contours in one passfor volume rendering purposes[7]. Iso-
surfacescan also be extracted from hierarchical octree representations [17],
facilitating level-of-detail.

An important breakthrough is the extraction of topologically correct iso-
surfaceswith respect to the trilinear interpolant [12, 9]. Topological analysis
of scalar �elds provides critic al points where the topology of contours changes
when a passinga certain isovalue [14]. Unfortunately, the topology of a trilin-
ear interpolant is often di�eren t from the topology of an original scalar �eld
prior to discretization. The questionariseshow to �nd the best reconstruction
of the original shape consistent with the discrete data.
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Image processingtechniques like anisotropic di�usion [15, 6] are capable
of recognizing local features, but they modify the data. Such approachesare
mostly useful when the data is contaminated with noise. Fairing techniques
of this kind are also applicable to the fairing of geometric shapes[5, 4].

Variational modeling [16, 8] provides useful fairing methods for paramet-
ric surfaces.Our challenge is to apply these methods to implicit geometries
that do not have a parametric domain. Fairing a single extracted isosurface
with non-linear constraints imposedby the volume grid is feasible [11]. Be-
sidesvariational principles, wavelets can be usedfor fairing of parameterized
contours, as well [1].

In the present work, we contribute two fairing methods for the contours
of a sampledscalar �eld basedon interpolation and least-squares�tting. The
methods are basedon an earlier approach [2] using a local C1-continuousbasis
blendedinto a global representation. The methodspresented herearebasedon
cubic B-splineswith dyadic re�nement. We provide examplesfor the bivariate
case.An extension to three dimensionsis possibleby fairing di�eren t sets of
slicesin a volume. This has already proven to work well for a more e�cien t
but lessaccurate discrete fairing method [3].

3 Fairing Con tours of a Scalar Field

Parametric curvesand surfacescan be smoothed basedon variational model-
ing [16, 8]. In this section,weadapt thesetechniquesto the fairing of implicitly
de�ned geometries,like isolines.We obtain fair contours by minimizing their
curvature within a prescribed spaceof basisfunctions representing the under-
lying scalar �eld.

3.1 Linear Optimization

Given someordinates f i with associated parameters(si ; t i ), we intend to con-
struct an interpolating scalar �eld f (s; t), satisfying

f (si ; t i ) = f i : (1)

A straightforward construction, such asinterpolation with bicubic splines,uses
the samenumber of (proper) basisfunctions  i asthe number of interpolation
constraints. In this case,a linear system of equations,

Ac = f ; aij =  j (si ; t i ) (2)

provides the coe�cien ts representing

f (s; t) =
X

i

ci  i (s; t):
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If the number of basisfunctions is greater than the number of constraints,
then there exist somedegreesof freedomfor optimizing the scalar�eld's shape.
A well-known optimization method is thin-plate energyminimization,

kf k2
tp = < f ; f > tp � ! min;

< f ; g > tp :=
Z Z

f ssgss + 2f st gst + f tt gtt ds dt;
(3)

where f ss , f st , and f tt denote secondorder partial derivatives of f . We note
that this functional is only an approximation to the energy of a thin elas-
tic surface. Bicubic splines satisfy this optimization a priori. If other basis
functions are used, the minimum within the spannedspacecan be found by
solving a system of equations.

If it is su�cien t to approximate the ordinates f i (assuming theseare not
exact due to someuncertainty), then the thin-plate minimization can be com-
bined with least-squares�tting,

r f := (1 � w)
X

i

jf (si ; t i ) � f i j2 + w < f ; f > tp � ! min: (4)

The constant w 2 (0; 1) allows to put more emphasison either accuracy or
smoothness.The coe�cien ts satisfying equation (4) are determinedby a linear
system of equations,

((1 � w)A T A + wE) c = (1 � w)A T f ; (5)

where eij = <  i ;  j > tp and A is the (non-square) matrix of equation (2).
The system of equations for such an optimization problem is typically found
by the necessaryconstraints @r f

@ck
= 0, wherer f is the residual to beminimized.

In caseswhere the ordinates f i are exact values that need to be inter-
polated, these constraints can be worked into the system Ec = 0 using La-
grangian multipliers. A more e�cien t approach usesa transformed set of basis
functions, such that the interpolation constraints are a priori satis�ed by the
construction. The rank of the system corresponds then to the number of de-
greesof freedom.

In our approach, we use two sets of basis functions, � and 	 , where �
contains one basis function for every interpolation constraint and 	 provides
the remaining degreesof freedom used for fairing. We construct these bases
such that

f (s; t) =
X

i :� i 2 �

f i � i (s; t) +
X

k : k 2 	

ck  k (s; t);

� i (sj ; t j ) = � ij ; and

 k (sj ; t j ) = 0:

(6)

Using this representation, the coe�cien ts ck minimizing equation (3) need
to be determined. Again, the constraints @

@ck
< f ; f > tp = 0 necessaryfor

optimization provide a linear system of equations,
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Ec = � Gf ; where

eij = <  i ;  j >; and gij = <  i ; � j > :
(7)

The matrix E is positive de�nite, sincefor any vector x 6= 0,

xEx =
X

i

X

j

x i x j <  i ;  j > = k
X

i

x i  i k2 > 0; (8)

provided that the functions  i are linearly independent. The solution of this
system provides the remaining coe�cien ts c representing f in equation (6),
minimizing equation (3) among all choicesof c.

The above optimization approach can be implemented for di�eren t choices
of inner products, as well. In the following section, we construct an inner
product whose norm minimizes the curvature of the scalar �eld's isolines.
This construction is adopted from [2] with a few modi�cations.

3.2 Fairing Con tours

Consider an interpolating scalar �eld f (x; y), satisfying f (x i ; yi ) = f i . Se-
lecting a certain isovalue � , we intend to smooth the corresponding isoline
composedof all points (x; y) satisfying f (x; y) = � . We note that the follow-
ing deliberations also generalizeto volumes,where contours are surfaces.

Suppose that we get hold of a parametric representation of the contour
associated with isovalue � , say g� (s), such that

f (g� (s)) = � : (9)

Using this parametric form, fairing the contour can be achieved by minimizing
its secondderivative, Z

kg00
� (s)k2 ds � ! min: (10)

In the caseof an arc-length parametrization, this is equivalent to minimizing
the variation ns := @n

@s of the contour's normal vector n along g� (s), see
�gure 2:

Z
kns(s)k2 ds � ! min;

n(s) =
r f (g� (s))

kr f (g� (s))k

(11)

The variation of the vector n hastwo components, n0
? = (n�r )n orthogonal

and n0
k = (n � r )n tangential to the contour:
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Fig. 2. Variation of g0 and n are equal in absolute value.

(n0
? ) i =

3X

k=1

nk
@ni

@nk
;

(n0
k ) ij =

3X

k=1

3X

l =1

" j k l nk
@ni

@nl
;

" j k l =

8
><

>:

1 if ij k 2 f 123; 231; 312g
� 1 if ij k 2 f 321; 213; 132g
0 else:

(12)

In the two-dimensionalcase,the tangential component n0
k is a vector, since

its components are only non-zerofor j = 3. In three dimensionsit is a matrix.
In both cases,its magnitude can be de�ned by a norm taking the squareroot
of the sum of all squaredscalar components. Now, we substitute n0

k for ns in
equation (11) and obtain

Z
k(n � r )nk2 ds � ! min: (13)

To combine all contours of a scalar �eld into a singleoptimization process,
we need to integrate over the isovalues � as well. To emphasizecertain re-
gions in the optimization process,a non-negative weighting function w(s; � )
is multiplied with the normal variation,

Z Z
w(s; � ) k(n � r )nk2 ds d� � ! min: (14)

Assuming that each contour is given in arc-length parametrization, this is
equivalent to

Z Z
~w(x; y) k(n � r )nk2 dx dy � ! min;

~w(g� (s)) := w(s; � );
(15)

where x and y are parameters of the scalar �eld and the weighting function
is now re-de�ned for this domain.
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The residual norm corresponding to this optimization problem is induced
by a scalar product, which can be used in a (non-linear) optimization algo-
rithm. In numerical experiments, we observed that the normalization of the
gradient can be skipped, improving convergencerates. Hence,we substitute
r f for the contour normal n and obtain with

k(n � r )r f k2 = kn1 (f xy ; f yy )T � n2 (f xx ; f xy )T k2

= (n1f xy � n2f xx )2 + (n1f yy � n2f xy )2
(16)

the scalar product

< f ; g > n =
Z Z

w
�
(n1f xy � n2f xx )(n1gxy � n2gxx )

+ (n1f yy � n2f xy )(n1gyy � n2gxy )
�

dx dy:
(17)

If the normal �eld n(x; y) = (n1(x; y); n2(x; y))T is known from a previous
estimate for the scalar �eld f , then above scalar product used in equation
(7) provides a linear optimization method. Sincen dependson f , an iterativ e
algorithm with linear optimization steps is required.

Fig. 3. Multiple solutions exist, when smoothing isolines without considering cor-
responding isovalues.

3.3 Non-linear Fairing Algorithm

Our iterativ e fairing algorithm works as follows: The �rst estimate f (0) is ob-
tained by thin-plate energy minimization. To compute f ( i +1) from f ( i ) , we
�rst samplethe gradient �eld from the previous estimate, n( i ) := r f ( i ) (with-
out normalization). Then, we compute f ( i +1) from the optimization process
using

< f ; g > := < f ; g > n ( i ) + "
Z Z

f x gx + f y gy dx dy; (18)

where" is a small number, say 0:001.We needto add a small portion of slope
minimization to increasenumerical stabilit y, since our optimization method
doesnot convergeto a unique solution, otherwise.This is due to the fact that
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the contour geometry does not carry any information about the correspond-
ing isovalues, and multiple solutions with samecontour geometry exist, see
�gure 3. All scalar products betweenbasis functions needto be estimated by
numerical integration.

Fig. 4. B-splines N 4
i for a row of �v e grid points (eight segments after re�nement).

Fig. 5. Transformed basis functions � (red) and 	 (black).

Our algorithm requiressmooth basisfunctions with non-zerosecond-order
derivatives.In our implementation, weusedcubic B-splineswith two segments
per grid cell to obtain enoughdegreesof freedom. For a row of n grid points
located at x = 0; 1; � � � ; n � 1, the corresponding knot vector is

t0 = � � � = t3 = 0;

t i = (i � 3)=2 (i = 4; � � � ; 2n);

t2n +1 = � � � = t2n +4 = n � 1:

(19)

The corresponding B-splines N 4
i ; (i = 0; � � � ; 2n) are depicted in �gure 4.

A simple basis transform provides the two sets � and 	 usedfor interpo-
lation and optimization, respectively:
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� 0 = N 4
0 ;

� i = 1:5 N 4
2i +1 ; (i = 1; � � � ; n � 2);

� n � 1 = N 4
2n ;

 0 = N 4
1 ;

 i = N 4
2i � 0:25 (N 4

2i � 1 + N 4
2i +1 ); (i = 1; � � � ; n � 1);

 n = N2n � 1:

(20)

Thesefunctions, shown in �gure 5, have compact support and satisfy

� i (j ) = � ij (i; j = 0; � � � ; n � 1);

 i (j ) = 0 (i = 0; � � � ; n; j = 0; � � � ; n � 1):
(21)

In the two-dimensionalcase,we usethe tensor-products � � � for interpo-
lation and the functions in � � 	 , 	 � � , and 	 � 	 for optimization. A scalar
�eld de�ned by m � n grid points will be represented by (2m + 1) � (2n + 1)
coe�cien ts. For the triv ariate case,the method would be rather slow. Here
we suggestto apply the bivariate approach to three canonical sets of slices,
as described earlier for a similar method [3].

If interpolation is not required, our fairing method can be combined with
least-squares�tting, basedon equation (5). In this case,all basisfunctions are
associated with degreesof freedomand no speci�c basistransform is required.
In applications where the given data is not contaminated with noiseor some
uncertainty, however, the interpolative approach is recommended.

4 Numerical Examples

Figures 1, 6, and 7 provide a comparisonof the contours obtained by standard
interpolation methods and our fairing approach. Besidesbilinear and bicubic
interpolation, sinc-functions [13] are often used for interpolation since they
correspond to box functions in Fourier domain and provide an optimal recon-
struction from uniformly sampled data. The univariate sinc interpolant can
be de�ned as a convolution,

f sinc (x) =
X

i

f i sinc((x � i )� );

sinc(x) =

(
sin (x )

x if x 6= 0;
1 else:

(22)

Due to the in�nite support of thesebasisfunctions, the sinc interpolant may be
computed using the Fourier transform. To avoid problems at the boundaries
of our data sets,we assumedzerovaluesat all grid points outside the domain.

The examplesshow that the sinc interpolant mostly represents contour
lines better than the bicubic interpolant, despite of its energy-minimization
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(a) (b) (c)

(d) (e) (f )

Fig. 6. (a) Analytic X-function on 7� 7-grid; (b) bilinear interpolation; (c) bicubic
interpolation; (d) sinc interpolation; (e) our interpolating method (5 iterations); (f )
our approximating method (5 iterations, w = 0:5).

(a) (b) (c)

Fig. 7. (a) Sinc interpolation of a discrete point set; (b) bicubic interpolation; (c)
optimized contours (5 iterations).

property. In particular, diagonal features like those in �gure 6 are better rep-
resented by sinc functions. The drawback of theseis that often over- and un-
dershoots occur, sinceexact localization in both frequencyand time-domain is
not possible(uncertainty principle). When usingour contour fairing approach,
these over- and undershoots are reduced to a minimum, showing that most
contour lines generatedare supported by the data. If we relax the interpola-
tion constraints in order to get a least-squaresapproximation, the contours
becomeeven smoother.

Figure 8 shows the approximation results of the �rst three iterations. Com-
putation times for data setsof di�eren t sizeare summarizedin table 1. These
examples were computed on a linux PC equipped with a 2.4 GHz proces-
sor, using only 16 samplesper grid cell for numerical integration of the inner
products. Most of the computation time is usedup by this integration. Due to
compact support of the basisfunctions, however, the time usedfor numerical
integration is linear in the number of grid points. The systemsof equations
are sparseand require only small solution times. The method could be ac-
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celeratedby precomputing the basis functions on the integration grid and by
implementing the integration on a GPU.

We found that �v e iterations were su�cien t to obtain good results with
both methods. The computation times for the approximating method were
slightly larger, since the systems are larger compared to the interpolating
method. The times for thin-plate minimization were given for comparison.
Of course,thin-plate minimization can be obtained more e�cien tly by cubic
spline interpolation at the coarselevel, followed by knot insertion. This is due
to the fact that bicubic surfacesminimize thin-plate energya priori.

(a) (b) (c)

Fig. 8. Convergenceof our iteration scheme: (a) �rst, (b) second, and (c) third
iteration.

no. vertices no. dof's thin-plate min. iteration time
25 96 69 92
49 146 181 250
64 225 259 352

100 341 537 723

Table 1. Computation times in milliseconds for thin-plate energy minimization
and for each iteration of the fairing process.The total number of basis functions is
the number of vertices plus the number of degreesof freedom (dof 's).

method O : L 2 O : d2 O : a1 X : L 2 X : d2 X : a1

bilinear 6.51 17.26 5.81 5.38 18.09 7.80
bicubic 4.35 13.66 20.23 3.90 12.61 12.95
sinc 2.98 10.15 22.97 4.20 12.78 26.14
interpol. fairing 2.33 9.31 22.49 2.96 9.15 19.06
approx. w = 0:1 2.29 9.59 21.71 2.70 9.52 14.08

Table 2. Approximation results of O- and X-data sets based on three di�eren t
norms. L 2 and d2 are measured in percent of one grid unit, where a1 denotes the
percentage of the domain area where no matching contour is found.
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(a) (b) (c)

(d) (e) (f )

(g) (h) (i)

Fig. 9. Approximativ e results for di�eren t choices of w in equation (4). (a;d;g)
w = 0:1; (b;e;h) w = 0:5; (c;f;i) w = 0:9. For w ! 0 the results equal those of the
interpolating method.

The quality of our fairing methods can be measuredin the L 2-sense(tak-
ing the square root of the averagesquared error), in casethat a continuous
function representing a data set is available. To judge the quality of contour
lines, we de�ne A r to be the subsetof the domain D where the distance be-
tween corresponding isolines in the exact data f or ig and its reconstruction
f r eco is no larger than a radius r :

A r = f p 2 D j 9q 2 D : f or ig (q) = f r eco(p) ^ kp � qk � r g (23)

For all points in A r , the distance betweenthe reconstructed contour through
this point and the matching original contour is bounded by r . We denote d2

as the L 2-norm of thesedistancestaken from all points in A r . Let A1 be the
complement of A r and a1 denote its relative area within the domain. The
radius r is chosento be half a grid unit. The valuesobtained by thesenorms
are summarizedfor the O- and X-data sets in table 2.

The reconstruction results show that our interpolating approach and also
the approximation basedon small fairing weights, e.g. w = 0:1, provide small
L 2 and d2 values. The area A1 where no matching contours are found is
mostly located in regions with small slopes. The size of this region does not
provide much insight, but it can be used in combination with the d2-values.



Reducing Interpolation Artifacts by Globally Fairing Contours 13

The good performance of the bilinear interpolant in terms of locating close
contours may be due to the piecewiselinear shape of the exampledata sets.

5 Conclusions and Future Work

We presented two iterativ e variational-modeling algorithms reducing interpo-
lation artifacts of discretized scalar �elds. Our methods �nd an interpolating
(or approximating) scalar �eld for gridded data minimizing the curvature of
all contours. The methods can be used for re-sampling or to improve the
quality in regions of high geometric complexity. Of course,the sizeof recon-
structed details is limited by the Nyquist frequency, i.e. by half the rate of
discretization.

Numerical examplesshow that the visual quality of gridded data can be
improved signi�cantly in the two-dimensionalcase.The method generalizesto
three dimensions,but it may be more e�cien t to use the bivariate approach
for fairing the slicesof a three-dimensionaldata set. When implemented on a
GPU, the approach may be e�cien t enoughto be usedinteractively.
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