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Abstract

We presenta wavelet constructionfor irregular triangle meshes
basedon edge-collapseand vertex-split operations. We develop

nite analysis Iters separatingletail coefcients from the geom-

etry representatiorhasedon local least-squaredting of the con-

trol mesh.Ourtransformhaslineartime compleity andfacilitates
compressionprogressie transmissionandmultiresolutionediting

of meshes.
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Analysis—Approximatiorof surfacesandcontours}.3.5[Comput-
ing Methodologies]: ComputerGraphics—Curg, surface, solid,
andobjectrepresentations

Keywords: progressie mesheswavelets,compressionmultires-
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1 Intro duction

Wavelets provide a powerful tool for the compressiorand pro-
gressve transmissiorof surfacesand textures. Outgoingfrom a
ne-resolution geometry waveletanalysisprovidesa sequencef
coarserndcoarserepresentationstoringthe accumulatediiffer-
enceg(detailg in a sparsesetof wavelet coefcients. Fromthese
coefcients, the original modeland every intermediateresolution
canbe reconstructedia waveletsynthesis For compressiorpur
posesthe waveletcoefcients arequantizedandcompactlyrepre-
sentedby anentrogy codingschemeseeg[Khodakovsky etal. 2000;

Stollnitzetal. 1996]

Surfacesof arbitrarytopologicalgenusareoftenrepresentedstri-

anglemeshes.To obtaina waveletrepresentatiorfhowvever, a sur

faceneedgo bere-triangulatedothatits meshstructurecanbeob-
tainedby recursve subdvision of a coarsébasemesh.This type of
subdivisionconnectivitycanbe obtainedfor example, by multires-
olution adaptiveparametrizationof surfaces(MAPS) [Lee et al.
1998]. Mesheswith subdvision connectvity are efciently pro-
cessedsincethe subdvision procedureautomaticallygeneratethe
meshstructurefor eachlevel of detail. A greatdisadantagés that
theoriginal meshwith its irregularconnectvity cannotbe storedin

awaveletrepresentation.

ProgressivemeshegHoppe 1996], on the other hand, provide a
highly e xible level-of-detailrepresentatiohasednedge-collapse
andvertex-splitoperationsThenumberof levelscorrespondo the
numberof edgeghatcanbe collapsedandis muchgreaterthanthe
numberof levels provided by subdvision. In addition,the coars-
ening/ re nementcanbe appliedlocally andthe edgesto be col-
lapsedcanbearbitrarily chosen A majordravbackof this method
is, however, thatthe differencevectorsusedto undoeachcollapse
by a vertex split are generallynot sparsecompromisinghe com-
pressiorcapabilitiesof this representation.

In the presentwork, we provide a uni ed framework for wavelets
de ned on progressie meshesThus,we obtainfull e xibility re-
gardingmeshprocessingvith waveletsanddeviseahighly ef cient

compressiomool for progressie meshesTheremaindeof this pa-
peris structuredasfollows: In the next sectionwe review related
work. Section3 describesour wavelet construction,composedf
a vertex-split predictorand a correctorschemeintroducingdetail
reconstructedrom wavelet coefcients. In section4, we present
numericalexamplesandconcludewith adiscussiorof our method.

2 Related Work

The rst wavelet constructiongor surfacesof arbitrary topology
basedon subdvision [WarrenandWeimer2002] are describedoy
Lounsberyetal. [Lounsberyl1994;Lounsberyetal. 1997]. For the
analysisof subdvision surfaces,they proposea semi-orthogonal
waveletconstructionIn the caseof curvesandsurfacesde ned on
regulargrids, e.g. B-splines,the semi-orthogonahnalysisprocess
is basedon banded-matrixnversionsproviding lineartime oper
ations[Duchaineaul996; Finkelsteinand Salesin1994; Stollnitz
et al. 1996]. In the irregular settingof subdvision surfaces,the
correspondingnatricesaresparsebut notgenerallybanded.

In the caseof biorthogonaltransformswherewaveletsand scal-

ing functionsarenot necessarilprthogonal pothanalysisandsyn-

thesisare computediocally without the needof solving systems
of equations.An importantconstructiontool for suchbiorthogo-
nal transformds thelifting schemeby SweldengdSweldens1996]

Lifting operationsarelocal vertex-manipulating lters providing a

localinverse.They areusedasbuilding blocksof waveletanalysis
andsynthesis. Lifting-basedsubdvision waveletsare constructed
in [Bertram2003].

Computingtheinnerproductsof basisfunctionsfor orthogonaliza-
tion canbe a cumbersoméask. Hence,Samaati et al. [Samaati
et al. 2002; Samaati and Bartels1999] suggesto usea discrete
norm for local least-squaredting. They constructlocal tting
masksreversing Loop subdvision on regular grids composedof
valence-6vertices. A discreteleast-squareapproachis alsoused
by [Bertram2005;Bertram2003]and[Duchaineaul 996].

Theapproximatiorof arbitraryshapesvith pseudo-rgularmeshes
with subdvisionconnectity canbeobtainedoy parametrizatioof
meshessee[Lee etal. 1998]. A universalcompressioralgorithm
for re-parametrizedneshesis presentedn [Khodalovsky et al.
2000]. Relatedapproacheso irregular meshesmplementfairing
methodsfor low-pass Itering andthus provide signal-processing
algorithmsfor surfacesof arbitrarytopology[Kobbeltet al. 1998;
Guslov etal. 1999;Taubin2004].

The approactto progressie meshesy Hoppe[Hoppe1996] uses
edge-collapsand vertex-split operationsratherthanregular sub-
division. A lot of researcthasbeenfocusedon error metricsfor

edgeselectionin the simpli cation processeitherconstructingac-
cumulatedmplicit distancdunctions[GarlandandHeckbert1997]

or memorylesssimpli cation [Lindstrom and Turk 1999]to avoid

expensve shapecomparisorwith thefull resolutionmodel.

Ouralgorithmcanbeusedfor meshcompressiofAlliez andGots-
man2004;Isenturg etal. 2005;PajarolaandRossigna@000]. Un-
like mostschemegoncernedvith statictriangleencoding Touma
and Gotsman1998; Isenlurg and Snogink 2006; Coors and
Rossignac2004], our wavelet constructionis meantto improve



progressie codingmethoddik e [PajarolaandRossigna@000] by
constructingnoresophisticategredictors.Thisis doneby local or-
thogonalizatiorproviding a leastsquaresapproximationvhende-
tail is removed,for exampledueto quantization.

3 Wavelet Construction

To motivate the constructionof wavelets, we rst describeour
implementationof progressie meshes. Then, we introduce a
subdvision-like predictor for the re nementof simpli ed meshes
thatdoesnot useadditionalinformationaboutgeometricdetail. In
casesvherethe predictorfails to reconstructhe original shapea
waveletcoefcient is introducedfor errorcorrection.

3.1 Implementation of Progressive Meshes

A trianglemeshis composef a setof verticesV with associated
pointsin threedimensionsanda setof trianglesT. Eachtriangle
t 2 T is a subsetof V with three elements. Two verticesvy; Vv,
are adjacent if they are containedin a commontriangle,i.e. if
9t 2 T :vq;v, 2 t. Eachedgecorrespond$o a setof two adjacent
vertices.

Two trianglest,;t, arecalledadjacent,f they sharetwo vertices.
To avoid non-manifolds,we requirethat no othertriangle shares
exactly the sametwo vertices. Eachpair of adjacentrianglescor
respondgo aninner edge, whereaghe remainingedgesarecalled
boundaryedges A boundaryvertexis partof exactly two boundary
edgesptherwiseit is aninner vertex.

We denoteby the valenceof avertex the numberof trianglesit be-
longsto, val(v) = jft 2 T : v 2 tgj (thoughthe valenceis often
referredto the numberof edges).This stencilof incidenttriangles,
senv) = ft 2 T : v2 tg mustbe connectecby adjaceny, since
otherwisetwo or moresurfacesheetsareattachedn the samever
tex.

The ideaof progressie mesheds a level-of-detail representation
obtainedby collapsingedges. Therefore,two adjacentvertices
V1;Vo are megedto a uniquevertex v, andthe (one or two) tri-
anglesncidentto bothverticesareeliminated.A sequencef edge
collapsescan be reversedby splitting the correspondingvertices
andby re-insertingthetrianglesin reverseorder

Thedatastructureusedin ourimplementatioris simply composed
of anarrayof verticesandanarrayof triangles.Remaedprimitives
aresimply markedasinvalid. For ef cient processingf large data
sets,valid trianglescanbe organizedin a linked list. Our vertex
structur e is composeaf

threecoordinates;
thevalence(numberof triangles);
avalidity ag.

Thetriangle structur e contains
threevertex pointers;
threetrianglepointersfor adjaceng;
avalidity ag.

Hereby the pointerto a vertex hasthe sameindex (out of 1,2,3),
asthetrianglepointerdenotingthetriangleincidentto the opposite
edge.Thisruleis helpful for ef cient traversalof trianglestencils.
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Figure 1: Collapsingedge by meging verticesv; andv, andre-
moving two triangles.

Edgesareimplicitly de ned by atrianglet andanindexi 2 f 1;2; 3g
denotingeitheranadjacentrianglewith lowermemoryindex thant
(to obtainuniquenessyr denotinga null pointerin caseof abound-
ary edge.We notethatadjaceny of trianglescanalsobestoredby a
sophisticatethalf-edgeor winged-edgelatastructurdde Berg etal.
1997]. We do not usetheseto minimize the numberof operations
for eachedgecollapseandto avoid the requiremenif orientable
surfaces.

An explicit edgerepresentatiomay be usedfor the selectionstrat-
egy de ning theorderof collapsesTherefore edgesmaybestored
in a priority queuethatis (approximately)sortedby an objective
function for eachedge,estimatingthe geometricerror that would
beintroducedby the collapse.In our work, this selectionstrateyy
is not of greatimportancehowever.

To collapseaninneredgevs; v» with correspondindrianglesty;t,
containingadditional verticesas; ap, see gure 1, the following
stepsneedto beimplemented:

markty;ty asinvalid andmutually connecttheir adjacentri-
angles,

markvy asinvalid andsubstitutev; for vo in sten(vp);
decremenval(a;) andval(ay);

re-computeval(vy) = val(vy) + val(vp) 4 (for boundary

edgesval(vy) + val(vp) 2);

updatethe coordinate®f vq, for exampleby substitutingthe
midpointof vq;vs.

To be ableto split the vertex again, v; andthe two edgespointing
ata; anday needto berecordedln the caseof aboundaryedge s
anda, donotexist andval(v,) is greatetby two.

Thereexist casesyhereanedgecollapsecannotbe performedfor
exampleif thevalenceof avertex would becomdessthanthreeor
if thetopologywould be changedThesearethe conditionsthatan
inneredgecollapseis legal:

v, andv, mustbothbeboundaryor innervertices;

thevalence®f vq; a;; anda, donotdropbelow three(two for
boundaryvertices);

val(v1) doesnotexceedanupperlimit, say15;

the triangle setssten(v;) andsten(v») do not sharevertices
otherthanvy;vy; a1, anday.
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Figure 2: \ertex splitting mask. The unknownpointsp; and p»

3.2 Predictor Construction

A majorissueof this work is the updateandreconstructiorof ver-
tex coordinatesTheoriginal progressie-meshealgorithm[Hoppe
1996]proposeso recorddifferencevectorsv, v torestoreaheco-
ordinatesof v; andv, whensplitting v1. Thesevectorscanbecon-
sideredaslazy waveletcoefcients. In the wavelet context, how-
ever, moresophisticatediters areusedto reducethe magnitudeof
coefcients facilitatingcompressiofasedn entrogy coding.

The rst stepfor constructinga wavelet transformis to obtaina
nestedset of scaling functions for exampleby de ning a subdi-
vision scheme. Therefore,we proposea predictorestimatingthe
positionsof split verticeswithout takinginto accountdetail coef-
cients. To keepthe constructiorsimple,we usethe samepredictor
schemaen all casesConsiderthe point p to besplitinto p; andp»
in gure 2. The coordinateof p andthe surroundingverticesare
known, whereag,; andp, needto be estimated.

In the caseof aregular triangulationwith equilateratrianglesand
valence-6vertices,the two points shouldbe locatedcloseto the
centers

¢ = (a1+ g2+ da+ gs);
C2 = 2(d2+ g3+ s+ Gg);

@
accordingto gure 2. Sincep hasbeengeneratedsthe midpoint
betweerp; andp, dueto anedgecollapsewe proposethefollow-
ing optimizationproblem:

P2 = P+ kip (1 ),
kio @ kpr2 Crok? ! min

@)

The choiceky.p = % satis es equation(2). Whenapplyingthis
predictorfor a sequenceof vertex splits correspondingo a se-
quenceof precedingedgecollapsesye obsene thatthemeshstarts
to entangleratherthan producinga smoothsurface,see gure 3.
Thisis dueto thefactthatthe predictordoesnot satisfythe corvex
hull property(which would be obtainedby p1.2 = c¢1.2, for exam-
ple) andthatthetriangulationis generallynotregular. To getcloser
towardscorvex hull, we introducea “designparameter’a 2 [0;1]
andusethescheme

P2 = aciz+ (1 a) p 3(c c) ©))

Thisis equivalentto

pr=(1 a)p+ 2(ar+ qa)

al

. @
+ Z(02+ gs) + %g=(q3+ ge);

andanalogoushyor p,.

(b)

© (d)

Figure 3: Testingdifferentpredictors. (a) simpli ed Stanfod bunny
with 75 triangles; (b) 10000triangles after recuisive vertex split
witha=0; (c)a=03;(d)a= 1

Figure 4: Predictor maskfor boundaryedge. Thecorresponding
vertex split is basedon boundarypoints,only.

We notethatit is generallypossibleto improve this predictor for
exampleby adaptingt to thelocal meshconnectity or by adding
alocal geometrysmoothingpass.In our application,however, the
shortcomingsof the subdvision schemeare compensatedby the
useof detailcoefcients.

If the vertex to be split is a boundaryvertex, we usea different
predictor taking into accountonly boundarypointsp;q;, andqs,
accordingo gure 4. In thiscasewe use

P2 = bepp+ (1 b) p 3o o) ;

(5)
Ci2 = %p + %(h;z;
whereb 2 [0;1]. For py, thisis equivalentto
pr= 3%p+ Slar+ 2t (6)

3.3 Corrector Construction

We use the predictor mask for boundaryedgesto describeour
wavelet construction. The samemethodwill be appliedto inner
edges. When collapsingan edge, detail is subtractedfrom the
model. This detail canbe representedy a wavelet coefcient w,



storedat the location of the invalid vertex. If the wavelet coef-
cientis zero,our transformis equivalentto the predictionmaskin
equation(5), which canbe speci edin matrix notationas

(@3 a3 p1; P2)T = S(a; a2 piW)T; @)
where
O 1 o 0 nt
0 1 0 b
S= % 1+b 1 3b g: (8)
6. 6 3 93
b1 b 3b |
6 [ 3 4

The constantdy; de ning a synthesislter areyet to be de ned.
We will constructthis Iter sothata modi cation of the wavelet
coefcient, e.g.dueto quantizatioror thresholdingwill minimize
thedisplacementf thepointsinvolvedin thesubdvisionin aleast-
squaresense.

We startwith a lazy wavelettransform suggestinghat the coef-
cientw is simply addedo p; andsubtractedrom p,, providing the
lazy synthesislter b,y = (0; O; 1, 1T. It canbeveri ed that
the subdvision matrix is non-singularfor this choiceof b andary
b 2 [0;1]. Hence,thelazy wavelet analysisschemecorrespond-
ing to an edgecollapse,is simply implementecdby the inverseof
equation(7),

(a1 d2i p;w)" = S *(af: o pai P2 ©)

For amoregenerakhoiceof b, this schemewill not only compute
p andw, but mayalsoalterthe otherverticesinvolvedin the subdi-
visionmask,i.e. q; andqy.

To obtainanoptimal t whencollapsinganedge,we introducean
orthogonalizatiorprocedure similar to the constructionof semi-
orthogonalwavelets[Stollnitz etal. 1996]. Therefore we consider
asetof scalingfunctionsf; (i = 1;:::;4) associateavith thecontrol
pointsqg; qg; p1; P2, respectiely. Sincewe consideonly onesplit
/ collapseoperation,we do not make ary assumptiongboutthe
shapeof thesefunctions,exceptthatthey aremutually orthogonal,
i.e.< fi;fj>= dj. If fisafunctionrepresentetly controlpoints
q‘f; qg; p1; P2, thenthenorminducedby thisscalamproduct< ; >
satis es

kfk? = qf%+ g%+ py?+ po?: (10)

Due to the basistransformS, we have a representatioron the
coarserscale,

f=0qyi1+ a2+ pjz+ wy; (11)

wherethefunctionsj j andy arelinearcombination®f thef;. The
shapeof the wavelet y is dependson the choiceof b, dueto the
identity

4
y = abfi (12)

The shapeof the waveletis now determinedoy the orthogonality
constraints

<y:;ji>=0 (i=1:33) and kyk = 1L (13)

The numbersh; canbe obtained,for example,by Gram-Schmidt
orthogonalizatiorstartingwith the lazy wavelet y |5,y Theresult
turnsoutto beindependentf thechoiceof b:

b= p=(1, 1

170 33" (14)

Due to this orthogonalizationpur choiceof b; minimizesthe dis-
placemenbf the meshwhensuppressinghe detail coefcient w,
i.e.

k(' Slw=0S )(af; a3 p1; p2)TK?! min  (15)

wherel denoteshe identity matrix andl,,= o setsthe detail coef-

cient to zero. The error of this normis proportionalto the abso-
lute valueof w. A similar orthogonalizatiorfor non-uniformspline
waveletswaspresentedn [Bertram2005].

For the slightly more complex caseof inner edges,the sameap-
proachis taken. The only differenceis the greatemumberof ver
tices. The orthogonalizatiorprovides:

(a5 0 P P2)T = S(auiide piw)': (16)

where
0 .1
1000000 }
01 000O0GO0 O
0010000 ¢
0001000 1
S=BEooo0oo0100 06& @
000O0OOT 10 1
abcabcdg
c bacbad 3

witha= 2f1: b= 2;¢c= 2:1;andd=1 a. Onlyfor thechoice
a = 1 this matrix is singular sincethe point p would have a zero
weightin the subdvision scheme.

The correspondingvavelet analysisis basedon the inversesubdi-
vision matrix S 1, providing the coefcients for mutually orthog-
onalspacesparf y g andsparfj jg. Consequentlywe getanor-
thogonalprojectionontoboth spacessothata reconstructiorirom
only the spacesparf j jg will minimize the least-squaresorm, as
in equation(15).

The error of this reconstructiorcorrespondsxactly to the wavelet
coefcient w. If thiscoefcient is quantizedfor example thequan-
tization errorequalsthe discretenorm of the displacemenbf con-
trol pointson the ner level. However, it is not known how this
erroraffectsthesubsequerlevelsof detail,sincethenormusedfor
tting is differentfor eachlevel. In orderto analyzethemethodwe
provide numericalexamples.

4 Numerical Examples

Sincethetwo inversematricescanbeprecomputedhealgorithmis

very ef cient. For the splitting of 10000vertices(10000synthesis
steps),only 80 millisecondswereneededn a 2.4 GHz processor
The collapsingof edgegqanalysis)takesthe sameamountof time,

exceptfor the edgeselectionwhich is lessef cient. For simplic-

ity, we selectlongestedgesrst for collapse.Thoughour wavelet

coefcients provide anideal measurefor the error introducedby

a collapse we obsened that reconstructiorguality of our method
doesnotdependnuchontheselectiorstrateyy.

coefcients RMSEbunry RMSEterrain
5% 2.41% 1.55%

10% 1.91% 1.14%

20% 1.45% 0.86%

Table1: Rootmeansquareerrorsin percentfor reconstructiorof
bunry andCraterLake terraindata.



We have testedthe wavelet transformon the (simpli ed) Stanford
bunry, startingwith a resolutionof 10000triangles,obtaining75
trianglesafter5000collapsesWe selectectertainsubset®f detail
coefcients by thresholdingand reconstructedhe geometryfrom
these see gure 5. The secondexampleis the CraterLake terrain
model, courtesyof USGS.Here we startedwith 19380triangles,
reducingthemto 8 afternearly10000collapsessee gure 6. The
rootmeansquareerrorsfor theseexamplesarelistedin tablel. We
notethatthresholdings a good measurdor validatingthe quality
of awaveletconstruction.In the scopeof datacompressionguan-
tizationwould be usedcausingsmallererrorsthat are not visually
sensitve.

For a geometrycompressioralgorithm, all coefcients are quan-
tizedto x ed-precisiomumbers.The smallerthe discreterangeof
coefcient values,thelessstorages usedto encodethe data. But,
alsothe entropy relatedto the distribution of coefcient valueshas
a greatimpacton compressiorrates. Coding schemedike Huff-
manandarithmeticcodingexploit that,for example,smallabsolute
valuesare much morefrequentthangreaterones. In principle, it
would be possibleto quantizeandcompresshe vertex coordinates
without exploiting the de-correlatiorof a wavelettransform. This
would, however, resultin poor compressiomatessincethe distri-
bution of coordinatevaluesis ratheruniform. A furtherissueis the
compressiof meshconnectiity, whichis adifferentproblemnot
addresseidh this work. A progressie codingmethodof this kind
is dueto [PajarolaandRossigna@000].

Conclusions

We have presentedh highly ef cient wavelet constructionfor pro-
gressve meshesproviding highest e xibility in thechoiceof edge
collapsedor local level-of-detail representationWhile this work

canbe consideredasa proof of concept future work needsbe di-

rectedattheconstructiorof moreaccurateredictorschemeslt has
beenmentionedPajarolaandRossigna”000]thatthe useof half-

edgecollapsedcollapsingthe edgeinto one of its verticesrather
thaninto its midpoint) may simplify predictionand coding. We

encouragéheuseof similarwaveletconstructionsisofor progres-
sive representationf higherdimensionakhapes.
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Figure 5: Reconstructiorof Stanfod bunny from (a+b) 5 percent, (c+d) 10 percent, and (e+f) 100 percent of coefcients selectedby
thresholding Theboundaryfeatuesat the bottomare correctlyrepresented.
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Figure 6: Crater Lake reconstructedrom(a) 5 percent,(b) 10 percent,and (c) 20 percentof coefcients.



