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Abstract

We presenta wavelet constructionfor irregular triangle meshes
basedon edge-collapseand vertex-split operations. We develop
�nite analysis�lters separatingdetail coef�cients from the geom-
etry representation,basedon local least-squares�tting of thecon-
trol mesh.Our transformhaslineartime complexity andfacilitates
compression,progressive transmission,andmultiresolutionediting
of meshes.

CR Categories: G.1.2[Mathematicsof Computing]: Numerical
Analysis—Approximationof surfacesandcontours;I.3.5[Comput-
ing Methodologies]: ComputerGraphics—Curve, surface,solid,
andobjectrepresentations

Keywords: progressive meshes,wavelets,compression,multires-
olutionmodeling

1 Intro duction

Wavelets provide a powerful tool for the compressionand pro-
gressive transmissionof surfacesand textures. Outgoingfrom a
�ne-resolutiongeometry, waveletanalysisprovidesa sequenceof
coarserandcoarserrepresentations,storingtheaccumulateddiffer-
ences(details) in a sparsesetof wavelet coef�cients. From these
coef�cients, the original modelandevery intermediateresolution
canbe reconstructedvia waveletsynthesis. For compressionpur-
poses,thewaveletcoef�cients arequantizedandcompactlyrepre-
sentedby anentropy codingscheme,see[Khodakovsky etal.2000;
Stollnitzetal. 1996]

Surfacesof arbitrarytopologicalgenusareoftenrepresentedastri-
anglemeshes.To obtaina wavelet representation,however, a sur-
faceneedsto bere-triangulatedsothatits meshstructurecanbeob-
tainedby recursivesubdivisionof acoarsebasemesh.This typeof
subdivisionconnectivitycanbeobtained,for example,by multires-
olution adaptiveparametrizationof surfaces(MAPS) [Lee et al.
1998]. Mesheswith subdivision connectivity are ef�ciently pro-
cessed,sincethesubdivisionprocedureautomaticallygeneratesthe
meshstructurefor eachlevel of detail.A greatdisadvantageis that
theoriginalmeshwith its irregularconnectivity cannotbestoredin
awaveletrepresentation.

Progressivemeshes[Hoppe 1996], on the other hand,provide a
highly �e xible level-of-detailrepresentationbasedonedge-collapse
andvertex-split operations.Thenumberof levelscorrespondsto the
numberof edgesthatcanbecollapsedandis muchgreaterthanthe
numberof levels provided by subdivision. In addition,the coars-
ening/ re�nementcanbe appliedlocally andthe edgesto be col-
lapsedcanbearbitrarily chosen.A majordrawbackof this method
is, however, that thedifferencevectorsusedto undoeachcollapse
by a vertex split aregenerallynot sparse,compromisingthe com-
pressioncapabilitiesof this representation.

In the presentwork, we provide a uni�ed framework for wavelets
de�ned on progressive meshes.Thus,we obtainfull �e xibility re-
gardingmeshprocessingwith waveletsanddeviseahighly ef�cient

compressiontool for progressivemeshes.Theremainderof thispa-
per is structuredasfollows: In the next sectionwe review related
work. Section3 describesour wavelet construction,composedof
a vertex-split predictoranda correctorschemeintroducingdetail
reconstructedfrom wavelet coef�cients. In section4, we present
numericalexamplesandconcludewith adiscussionof ourmethod.

2 Related Work

The �rst wavelet constructionsfor surfacesof arbitrary topology,
basedon subdivision [WarrenandWeimer2002]aredescribedby
Lounsberyet al. [Lounsbery1994;Lounsberyet al. 1997].For the
analysisof subdivision surfaces,they proposea semi-orthogonal
waveletconstruction.In thecaseof curvesandsurfacesde�ned on
regulargrids,e.g. B-splines,thesemi-orthogonalanalysisprocess
is basedon banded-matrixinversionsproviding linear-time oper-
ations[Duchaineau1996; FinkelsteinandSalesin1994; Stollnitz
et al. 1996]. In the irregular settingof subdivision surfaces,the
correspondingmatricesaresparse,but notgenerallybanded.

In the caseof biorthogonaltransforms,wherewaveletsandscal-
ing functionsarenotnecessarilyorthogonal,bothanalysisandsyn-
thesisare computedlocally without the needof solving systems
of equations.An importantconstructiontool for suchbiorthogo-
nal transformsis the lifting schemeby Sweldens[Sweldens1996]
Lifting operationsarelocal vertex-manipulating�lters providing a
local inverse.They areusedasbuilding blocksof waveletanalysis
andsynthesis.Lifting-basedsubdivision waveletsareconstructed
in [Bertram2003].

Computingtheinnerproductsof basisfunctionsfor orthogonaliza-
tion canbea cumbersometask. Hence,Samavati et al. [Samavati
et al. 2002; Samavati andBartels1999] suggestto usea discrete
norm for local least-squares�tting. They constructlocal �tting
masksreversingLoop subdivision on regular grids composedof
valence-6vertices. A discreteleast-squaresapproachis alsoused
by [Bertram2005;Bertram2003]and[Duchaineau1996].

Theapproximationof arbitraryshapeswith pseudo-regularmeshes
with subdivisionconnectivity canbeobtainedby parametrizationof
meshes,see[Lee et al. 1998]. A universalcompressionalgorithm
for re-parametrizedmeshesis presentedin [Khodakovsky et al.
2000]. Relatedapproachesto irregular meshesimplementfairing
methodsfor low-pass�ltering andthusprovide signal-processing
algorithmsfor surfacesof arbitrarytopology[Kobbeltet al. 1998;
Guskov etal. 1999;Taubin2004].

Theapproachto progressive meshesby Hoppe[Hoppe1996]uses
edge-collapseandvertex-split operations,ratherthanregular sub-
division. A lot of researchhasbeenfocusedon error metricsfor
edgeselectionin thesimpli�cation process,eitherconstructingac-
cumulatedimplicit distancefunctions[GarlandandHeckbert1997]
or memorylesssimpli�cation [LindstromandTurk 1999] to avoid
expensiveshapecomparisonwith thefull resolutionmodel.

Ouralgorithmcanbeusedfor meshcompression[Alliez andGots-
man2004;Isenburg etal. 2005;PajarolaandRossignac2000].Un-
like mostschemesconcernedwith statictriangleencoding[Touma
and Gotsman1998; Isenburg and Snoeyink 2006; Coors and
Rossignac2004], our wavelet constructionis meantto improve



progressive codingmethodslike [PajarolaandRossignac2000]by
constructingmoresophisticatedpredictors.Thisisdoneby localor-
thogonalizationproviding a leastsquaresapproximationwhende-
tail is removed,for exampledueto quantization.

3 Wavelet Construction

To motivate the constructionof wavelets, we �rst describeour
implementationof progressive meshes. Then, we introduce a
subdivision-like predictor for the re�nementof simpli�ed meshes
thatdoesnot useadditionalinformationaboutgeometricdetail. In
caseswherethe predictorfails to reconstructthe original shape,a
waveletcoef�cient is introducedfor errorcorrection.

3.1 Implementation of Progressive Meshes

A trianglemeshis composedof a setof verticesV with associated
pointsin threedimensionsanda setof trianglesT. Eachtriangle
t 2 T is a subsetof V with threeelements. Two verticesv1;v2
are adjacent, if they are containedin a commontriangle, i.e. if
9t 2 T : v1;v2 2 t. Eachedgecorrespondsto a setof two adjacent
vertices.

Two trianglest1; t2 arecalledadjacent,if they sharetwo vertices.
To avoid non-manifolds,we requirethat no other triangle shares
exactly thesametwo vertices.Eachpair of adjacenttrianglescor-
respondsto aninner edge, whereastheremainingedgesarecalled
boundaryedges. A boundaryvertex is partof exactlytwo boundary
edges,otherwiseit is aninnervertex.

We denoteby thevalenceof a vertex thenumberof trianglesit be-
longs to, val(v) = jf t 2 T : v 2 tgj (thoughthe valenceis often
referredto thenumberof edges).This stencilof incidenttriangles,
sten(v) = f t 2 T : v 2 tg mustbe connectedby adjacency, since
otherwisetwo or moresurfacesheetsareattachedin thesamever-
tex.

The ideaof progressive meshesis a level-of-detail representation
obtainedby collapsingedges. Therefore,two adjacentvertices
v1;v2 are merged to a uniquevertex v, and the (one or two) tri-
anglesincidentto bothverticesareeliminated.A sequenceof edge
collapsescan be reversedby splitting the correspondingvertices
andby re-insertingthetrianglesin reverseorder.

Thedatastructureusedin our implementationis simply composed
of anarrayof verticesandanarrayof triangles.Removedprimitives
aresimply markedasinvalid. For ef�cient processingof largedata
sets,valid trianglescanbe organizedin a linked list. Our vertex
structur e is composedof

� threecoordinates;

� thevalence(numberof triangles);

� avalidity �ag.

Thetriangle structur econtains

� threevertex pointers;

� threetrianglepointersfor adjacency;

� avalidity �ag.

Hereby, the pointer to a vertex hasthe sameindex (out of 1,2,3),
asthetrianglepointerdenotingthetriangleincidentto theopposite
edge.This rule is helpful for ef�cient traversalof trianglestencils.
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Figure 1: Collapsingedge by merging verticesv1 and v2 and re-
moving two triangles.

Edgesareimplicitly de�nedby atrianglet andanindex i 2 f 1;2;3g
denotingeitheranadjacenttrianglewith lowermemoryindex thant
(to obtainuniqueness)or denotinganull pointerin caseof abound-
aryedge.Wenotethatadjacency of trianglescanalsobestoredby a
sophisticatedhalf-edgeorwinged-edgedatastructure[deBergetal.
1997]. We do not usetheseto minimize thenumberof operations
for eachedgecollapseandto avoid the requirementof orientable
surfaces.

An explicit edgerepresentationmaybeusedfor theselectionstrat-
egy de�ning theorderof collapses.Therefore,edgesmaybestored
in a priority queuethat is (approximately)sortedby an objective
function for eachedge,estimatingthe geometricerror that would
be introducedby thecollapse.In our work, this selectionstrategy
is notof greatimportance,however.

To collapsean inneredgev1;v2 with correspondingtrianglest1; t2
containingadditional verticesa1;a2, see�gure 1, the following
stepsneedto beimplemented:

� markt1; t2 asinvalid andmutuallyconnecttheir adjacenttri-
angles,

� markv2 asinvalid andsubstitutev1 for v2 in sten(v2);

� decrementval(a1) andval(a2);

� re-computeval(v1) := val(v1) + val(v2) � 4 (for boundary
edges:val(v1) + val(v2) � 2);

� updatethecoordinatesof v1, for exampleby substitutingthe
midpointof v1;v2.

To beableto split thevertex again, v1 andthe two edgespointing
ata1 anda2 needto berecorded.In thecaseof aboundaryedge,t2
anda2 donotexist andval(v1) is greaterby two.

Thereexist cases,whereanedgecollapsecannotbeperformed,for
exampleif thevalenceof a vertex would becomelessthanthreeor
if thetopologywould bechanged.Thesearetheconditionsthatan
inneredgecollapseis legal:

� v1 andv2 mustbothbeboundaryor innervertices;

� thevalencesof v1;a1; anda2 donotdropbelow three(two for
boundaryvertices);

� val(v1) doesnotexceedanupperlimit, say15;

� the trianglesetssten(v1) andsten(v2) do not sharevertices
otherthanv1;v2;a1, anda2.
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Figure 2: Vertex splitting mask. The unknownpoints p1 and p2
needto beestimatedfromp andqi (i = 1; :::;6).

3.2 Predicto r Construction

A major issueof this work is theupdateandreconstructionof ver-
tex coordinates.Theoriginalprogressive-meshesalgorithm[Hoppe
1996]proposesto recorddifferencevectorsv1 � v2 to restoretheco-
ordinatesof v1 andv2 whensplittingv1. Thesevectorscanbecon-
sideredaslazy waveletcoef�cients. In the wavelet context, how-
ever, moresophisticated�lters areusedto reducethemagnitudeof
coef�cients facilitatingcompressionbasedonentropy coding.

The �rst stepfor constructinga wavelet transformis to obtain a
nestedset of scaling functions, for exampleby de�ning a subdi-
vision scheme.Therefore,we proposea predictorestimatingthe
positionsof split verticeswithout takinginto accountdetailcoef�-
cients.To keeptheconstructionsimple,we usethesamepredictor
schemein all cases.Considerthepoint p to besplit into p1 andp2
in �gure 2. Thecoordinatesof p andthesurroundingverticesare
known, whereasp1 andp2 needto beestimated.

In thecaseof a regular triangulationwith equilateraltrianglesand
valence-6vertices,the two points shouldbe locatedcloseto the
centers

c1 = 1
4(q1 + q2 + q4 + q5);

c2 = 1
4(q2 + q3 + q5 + q6);

(1)

accordingto �gure 2. Sincep hasbeengeneratedasthemidpoint
betweenp1 andp2 dueto anedgecollapse,weproposethefollow-
ing optimizationproblem:

p1;2 = p + k1;2 (c1 � c2);

k1;2 : kp1;2 � c1;2k2 ! min:
(2)

The choicek1;2 = � 1
2 satis�es equation(2). Whenapplyingthis

predictor for a sequenceof vertex splits correspondingto a se-
quenceof precedingedgecollapses,weobservethatthemeshstarts
to entangleratherthanproducinga smoothsurface,see�gure 3.
This is dueto thefactthatthepredictordoesnot satisfytheconvex
hull property(which would be obtainedby p1;2 = c1;2, for exam-
ple)andthatthetriangulationis generallynot regular. To getcloser
towardsconvex hull, we introducea “designparameter”a 2 [0;1]
andusethescheme

p1;2 = a c1;2 + (1� a )
�
p � 1

2(c1 � c2)
�

: (3)

This is equivalentto

p1 = (1� a ) p + a + 1
8 (q1 + q4)

+ a
4 (q2 + q5) + a � 1

8 (q3 + q6);
(4)

andanalogouslyfor p2.

(a) (b)

(c) (d)

Figure3: Testingdifferentpredictors. (a) simpli�ed Stanford bunny
with 75 triangles; (b) 10000trianglesafter recursivevertex split
with a = 0; (c) a = 0:3; (d) a = 1.
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Figure 4: Predictor maskfor boundaryedge. Thecorresponding
vertex split is basedonboundarypoints,only.

We notethat it is generallypossibleto improve this predictor, for
exampleby adaptingit to thelocal meshconnectivity or by adding
a local geometrysmoothingpass.In our application,however, the
shortcomingsof the subdivision schemeare compensatedby the
useof detailcoef�cients.

If the vertex to be split is a boundaryvertex, we usea different
predictor, taking into accountonly boundarypointsp;q1, andq2,
accordingto �gure 4. In thiscase,weuse

p1;2 = b c1;2 + (1� b)
�
p � 1

2(c1 � c2)
�

;

c1;2 = 2
3p + 1

3q1;2;
(5)

whereb 2 [0;1]. For p1, this is equivalentto

p1 = 3� b
3 p + 1+ b

6 q1 + b� 1
6 q2: (6)

3.3 Corrector Construction

We use the predictor mask for boundaryedgesto describeour
wavelet construction. The samemethodwill be appliedto inner
edges. When collapsingan edge,detail is subtractedfrom the
model. This detail canbe representedby a wavelet coef�cient w,



storedat the locationof the invalid vertex. If the wavelet coef�-
cient is zero,our transformis equivalentto thepredictionmaskin
equation(5), whichcanbespeci�edin matrixnotationas

(q0
1; q0

2; p1; p2)T = S(q1; q2; p; w)T ; (7)

where

S =

0

B
B
@

1 0 0 b1
0 1 0 b2

1+ b
6

b� 1
6

3� b
3 b3

b� 1
6

1+ b
6

3� b
3 b4

1

C
C
A : (8)

The constantsbi de�ning a synthesis�lter are yet to be de�ned.
We will constructthis �lter so that a modi�cation of the wavelet
coef�cient, e.g. dueto quantizationor thresholding,will minimize
thedisplacementof thepointsinvolvedin thesubdivisionin aleast-
squaressense.

We startwith a lazywavelettransform, suggestingthat thecoef�-
cientw is simplyaddedto p1 andsubtractedfrom p2, providing the
lazy synthesis�lter blazy = (0; 0; 1; � 1)T . It canbeveri�ed that
thesubdivision matrix is non-singularfor this choiceof b andany
b 2 [0;1]. Hence,the lazy wavelet analysisscheme,correspond-
ing to an edgecollapse,is simply implementedby the inverseof
equation(7),

(q1; q2; p; w)T = S� 1 (q0
1; q0

2; p1; p2)T : (9)

For a moregeneralchoiceof b, this schemewill not only compute
p andw, but mayalsoaltertheotherverticesinvolvedin thesubdi-
visionmask,i.e. q1 andq2.

To obtainanoptimal �t whencollapsinganedge,we introducean
orthogonalizationprocedure,similar to the constructionof semi-
orthogonalwavelets[Stollnitz et al. 1996]. Therefore,we consider
asetof scalingfunctionsf i (i = 1; :::;4) associatedwith thecontrol
pointsq0

1; q0
2; p1; p2, respectively. Sinceweconsideronlyonesplit

/ collapseoperation,we do not make any assumptionsaboutthe
shapeof thesefunctions,exceptthat they aremutuallyorthogonal,
i.e. < f i ; f j > = di j . If f is a functionrepresentedby controlpoints
q0

1; q0
2; p1; p2, thenthenorminducedby thisscalarproduct< �; � >

satis�es
k f k2 = q0

1
2 + q0

2
2 + p1

2 + p2
2: (10)

Due to the basis transformS, we have a representationon the
coarserscale,

f = q1j 1 + q2j 2 + pj 3 + wy ; (11)

wherethefunctionsj i andy arelinearcombinationsof thef i . The
shapeof the wavelet y is dependson the choiceof b, dueto the
identity

y =
4

å
i= 1

bi f i : (12)

The shapeof the wavelet is now determinedby the orthogonality
constraints

< y ; j i > = 0 (i = 1; :::;3) and ky k = 1: (13)

The numbersbi canbe obtained,for example,by Gram-Schmidt
orthogonalizationstartingwith the lazy wavelet y lazy. The result
turnsout to beindependentof thechoiceof b :

b = 1p
20

(1; � 1; � 3; 3)T : (14)

Due to this orthogonalization,our choiceof bi minimizesthe dis-
placementof the meshwhensuppressingthe detail coef�cient w,
i.e.

k(I � S Iw= 0 S� 1)(q0
1; q0

2; p1; p2)Tk2 ! min; (15)

whereI denotesthe identity matrix andI w= 0 setsthe detail coef-
�cient to zero. Theerrorof this norm is proportionalto theabso-
lutevalueof w. A similarorthogonalizationfor non-uniformspline
waveletswaspresentedin [Bertram2005].

For the slightly morecomplex caseof inner edges,the sameap-
proachis taken. Theonly differenceis thegreaternumberof ver-
tices.Theorthogonalizationprovides:

(q0
1; :::; q0

6; p1; p2)T = S(q1; :::; q6; p; w)T ; (16)

where

S =

0

B
B
B
B
B
B
B
B
B
B
@

1 0 0 0 0 0 0 1
6

0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 � 1

6
0 0 0 1 0 0 0 1

6
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 � 1

6
a b c a b c d � 2

3
c b a c b a d 2

3

1

C
C
C
C
C
C
C
C
C
C
A

; (17)

with a= a + 1
8 ; b= a

4 ; c= a � 1
8 ; andd = 1� a . Only for thechoice

a = 1 this matrix is singular, sincethe point p would have a zero
weightin thesubdivisionscheme.

Thecorrespondingwaveletanalysisis basedon the inversesubdi-
vision matrix S� 1, providing the coef�cients for mutually orthog-
onal spacesspanf y g andspanf j ig. Consequently, we get an or-
thogonalprojectionontobothspaces,sothata reconstructionfrom
only the spacespanf j ig will minimize the least-squaresnorm,as
in equation(15).

Theerrorof this reconstructioncorrespondsexactly to thewavelet
coef�cient w. If thiscoef�cient is quantized,for example,thequan-
tizationerrorequalsthediscretenormof thedisplacementof con-
trol pointson the �ner level. However, it is not known how this
erroraffectsthesubsequentlevelsof detail,sincethenormusedfor
�tting is differentfor eachlevel. In orderto analyzethemethod,we
providenumericalexamples.

4 Numerical Examples

Sincethetwo inversematricescanbeprecomputed,thealgorithmis
very ef�cient. For thesplitting of 10000vertices(10000synthesis
steps),only 80 millisecondswereneededon a 2.4 GHz processor.
Thecollapsingof edges(analysis)takesthesameamountof time,
exceptfor the edgeselection,which is lessef�cient. For simplic-
ity, we selectlongestedges�rst for collapse.Thoughour wavelet
coef�cients provide an ideal measurefor the error introducedby
a collapse,we observed that reconstructionquality of our method
doesnotdependmuchon theselectionstrategy.

coef�cients RMSEbunny RMSEterrain
5 % 2.41% 1.55%

10% 1.91% 1.14%
20% 1.45% 0.86%

Table1: Root meansquareerrorsin percentfor reconstructionof
bunny andCraterLake terraindata.



We have testedthewavelet transformon the (simpli�ed) Stanford
bunny, startingwith a resolutionof 10000triangles,obtaining75
trianglesafter5000collapses.We selectedcertainsubsetsof detail
coef�cients by thresholdingandreconstructedthe geometryfrom
these,see�gure 5. Thesecondexampleis theCraterLake terrain
model, courtesyof USGS.Herewe startedwith 19380triangles,
reducingthemto 8 afternearly10000collapses,see�gure 6. The
rootmeansquareerrorsfor theseexamplesarelistedin table1. We
notethat thresholdingis a goodmeasurefor validatingthequality
of a waveletconstruction.In thescopeof datacompression,quan-
tizationwould beusedcausingsmallererrorsthatarenot visually
sensitive.

For a geometrycompressionalgorithm,all coef�cients arequan-
tizedto �x ed-precisionnumbers.Thesmallerthediscreterangeof
coef�cient values,the lessstorageis usedto encodethedata.But,
alsotheentropy relatedto thedistribution of coef�cient valueshas
a greatimpacton compressionrates. Codingschemeslike Huff-
manandarithmeticcodingexploit that,for example,smallabsolute
valuesaremuchmorefrequentthangreaterones. In principle, it
would bepossibleto quantizeandcompressthevertex coordinates
without exploiting thede-correlationof a wavelet transform.This
would, however, result in poor compressionratessincethe distri-
butionof coordinatevaluesis ratheruniform. A furtherissueis the
compressionof meshconnectivity, which is adifferentproblemnot
addressedin this work. A progressive codingmethodof this kind
is dueto [PajarolaandRossignac2000].

Conclusions

We have presenteda highly ef�cient waveletconstructionfor pro-
gressive meshes,providing highest�e xibility in thechoiceof edge
collapsesfor local level-of-detail representation.While this work
canbeconsideredasa proof of concept,futurework needsbedi-
rectedattheconstructionof moreaccuratepredictorschemes.It has
beenmentioned[PajarolaandRossignac2000]thattheuseof half-
edgecollapses(collapsingthe edgeinto oneof its verticesrather
than into its midpoint) may simplify predictionand coding. We
encouragetheuseof similarwaveletconstructionsalsofor progres-
sive representationof higher-dimensionalshapes.
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(a) (b)

(c) (d)

(e) (f)

Figure 5: Reconstructionof Stanford bunny from (a+b) 5 percent, (c+d) 10 percent, and (e+f) 100 percent of coef�cients selectedby
thresholding. Theboundaryfeaturesat thebottomarecorrectlyrepresented.
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Figure6: CraterLake reconstructedfrom(a) 5 percent,(b) 10percent,and(c) 20percentof coef�cients.


