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ABSTRACT
We presenta novel techniqueto extract a multiresolution
surface representationfrom a denseset of unorganized
pointswithin threedimensionalspace.Without utilization
of additionalconnectivity or topological information our
procedureis ableto ef�ciently producea preciseandtopo-
logicaly correct reconstructionof the underlying model.
Basedon a hierarchicalspatial partitioning schemeand
regular and irregular meshre�nement techniqueswe ob-
tain a hierarchicalquadrilateralmeshdatastructurewhich
is known as Hybrid Mesh (HM). We start by construct-
ing a simplequad-meshwhosefacesaggregatethesurface
of theinitial boundingvoxel encapsulatingtheentirepoint
cloud. Throughtheprocessof voxel re�nementwe simul-
taneouslyperform a combinedregular-irregular meshre-
�nement whereasthe consideredquad-meshis adaptedto
wrap the remainingnon-emptysubvoxels. We projectthe
meshverticeson planesobtainedby principal component
analysis(PCA) for eachvoxel. We provide numericalex-
amplesfor reconstructionsobtainedby ourmethod.
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1 Intr oduction

The extraction of surfaceinformation from threedimen-
sionaldatasetsis a problemof currentinterestin reverse
engineering. Suchdatasetsare provided by a varity of
differentdevicese.g. 3D laserrangescanner, medicalCT
scanners,radarscannersand others. The amountof the
upcomingdatais oftenimmense,requiringamethodto re-
constructtheunderlyingmodelasef�cient andaccurateas
possible.With theassumptionthat thegivenpoint datais
suf�ciently denseourmethodis ableto satisfybothof these
requirementsin anacceptableratio.
The principal ideabehindour approachlies in an Hierar-
chical SpacePartitioning (HSP) procedureto capturethe
topologyof theconsideredobjectin context with anirregu-
lar meshre�nementwich leadsto amultiresolutionsurface
representation.

We startto generateaninitial boundingvoxel encap-
sulatingthe given point cloud. After this we establishan
HM-datastructurewhosefacesarelinkedto thefacesof the
particularvoxel sides. The computationof the next �ner

meshlevel occursin threemainsteps.Steponeconsistsof
a uniform re�nementof thegivenvoxels into a setof sub-
voxels. Therebyall voxels wich arenot including a min-
imal numberof pointsdenotedby � will be discardedto
avoid holes,thesepointscanbe associatedwith adjacent
voxels.
In a secondstepwe performa meshre�nementwich con-
tainsregularandirregularre�nementtechniques.Sinceev-
eryfaceof theHM is associatedwith its adjacentvoxel, the
surfacecanbeconstructedasawarpedversionof theouter
boundaryof the voxel complex. The arising problemto
assurethereplacementof a subfacewhoserespective sub-
voxel wasdiscardedhasturnedout to be oneof the chal-
langesof ourmethod.Wedescribethegeneralapproachto
thisproblemin section3.
The last stepwe have to accomplishis to adjustthe ver-
ticesof thegeneratedmesh.In orderto move themeshto
theobject's surfacewe de�ne theneighborhoodvoxel sets
of every vertex. Thuswe canperformthe principal com-
ponentanalysis(PCA) [14] for every vertex wich hasbeen
processedbasedon the point datafrom its neighborhood
voxel sets. Oncethis is donewe project the verticeson
their assignedpointplanesto obtaintheir �nal positions.

The paperis structuredas follows: In section2 we
give a brief overview of relatedwork in the �elds of sur-
facereconstruction.Wetherebyaddresssomedifferentap-
proachesin its principals.In section3 thedifferentstepsof
our approachin detail. Section4 givesinformationabout
theef�ciency andaccuracy by consideringsomeexamples.
Weconcludewith summarizingtheresultsof section4 and
give someideasto extendourmethod.

2 RelatedWork

Theoverall goalof surfacereconstructionmethodscanbe
statedto asfollowed:

� Given a set of datapoints X = f x1; x2; x3; :::g �
R3 nearor on an unknown SurfaceSu , constructa
surfacemodelM wich approximatesSu asaccuratas
possible.

Thereare several surfacereconstructiontechniqueswich
canbeclassi�edaccordingto theway they work. Someof
thesetechniquesrely onadditionalinformationsuchassur-
facetopologyor connectivity betweendatawhereasothers
in contrastdonot.
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Figure1. Developmentof theBuddahshapeatseveralre�nementlevelsstartingat level 2 (a)up to level 7 (f).

Implicit reconstructionmethodsattempt to �nd a
smoothsigneddistancefunction f : X ! R to the un-
known surface. The zeroset Z (f ) := f x : f (x) = 0g
approximatesthe countoursof the model. A �rst method
by Hoppeset al. [6] builds suchsigneddistancefunctions
basedon Voronoi diagrammsandpropagation of normals
generatinga �nal surfacerepresentationby amodi�ed ver-
sionof theMarchingCubes[5] contouringalgorithm.An-
othermethodfor extractionof iso-surfacesfrom distance
volumesis introducedby Wood et al. [9]. They �rst cre-
atea topologygraphby a procedureon wich they refer to
assurfacewavefront propagationandwich servesasinput
to the�nal mesh-building process.Theapproachproposed
by Levoy andCurless[1] integratesa setof rangeimages
to de�ne acontinuallysigneddistancefunction.This is ob-
tainedby combininga multiplesetof distancefunctionsin
a simpleadditive schemewhereeachonecorrespondsto
onerangeimage.

Theparametricreconstructiontechniquesin contrast
try to �nd a surfaceS : D ! X approximatingor inter-
polatinga givensetof pointswhereasin mostcasestopo-
logical informationis neededin advance.This information
can be obtainedby computingan initial basemeshwith
a regular subdivision providing a surfaceparametrization
[16]. The resultingpatchespresentthe input for the �ne
scalesurfaceapproximationmethod. The main problem
thus consistsof �nding a valid parametrization (X ) =
D � R2. This is encounteredby Floaterand Reimers
[3] throughsolving linear error functions. Basedon the
useof harmonicmapsthe work of Eck et al. [2] obtain
comparableresultsin a moreef�cient way. Thereis a lot
of otherwork donerelatedto the subjectof �nding good
parametrizations(e.g. [15], [17]).

Constrictionmethodsattemptto �nd a meshrepre-
sentingthesurfaceby directly constructinga triangulation

of the given point set. Without knowledgeto the topol-
ogy this is oftendoneby usingtheDelauny Triangulation.
Many techniqueshave beenproposedfor thecomputation
of the Delauny Triangulations[10] [11] [12]. The con-
tinuative conceptof Alpha Shapeswich canbe viewed to
asa generalizationof theDelauny Triangulationis shown
by the work of Edelsbrunner[8], Amentaet. al. [7] and
Bernardinietal. [18]. However themaindrawbackto con-
strictionmethodsfoundson their relianceon theaccuracy
of the acquireddatapoints. Henceif the noisewithin the
sampleddatais intensetheapproachleadsto incorrectre-
sults.

In contrastto mostprevious methods,our algorithm
producesa level-of-detail representationbasedon regular
(Catmull-Clarkstyle)subdivision with topologicalcorrec-
tions. Exploiting both meshandvoxel hierarchiesresults
in ahighly ef�cient method.

3 Algorithm

Before we describethe functional elementsof our algo-
rithm weoutlinesomerequirementsfor thesampleddata:

� In orderto yield anacceptablesurfacerepresentation
we needto ensurethat the sampleddataset is suf�-
cientlydense.

� For ef�ciency of thealgorithmtheremovementof out-
liers is desiredbut notobligatory.

In contrastto mostparametricother reconstructionmeth-
odswemakenorestrictionsto thetopologyof theunknown
surface.Furthermorethegeneratedsamplenoiseis not an
importantweightanddoesnotrequirefurtherconsideration
presumedits magnitudeis notof anintensenature.



Figure 2. Schematicdiagrammdepicting the functional
stepsof theoverall reconstructionalgorithm.

3.1 Overview

Theinitial stepconsistsof generatingtheboundaryvoxels
togetherwith theconstructionof anhybrid-base-meshrep-
resentingthevoxel faces.We startwith a setof non-empty
voxelswith adjacency information. This voxel complex is
linkedwith thecorrespondingHM representingits bound-
ary faces.There�nementof thedataoccursin 3 steps:

(a) (b) (c)

(d) (e) (f)

Figure3. (a)-(c)Generatedvoxelswith boundaryfacesof
3 different levels, (d)-(f) correspondingfacesafter vertex
mapping

� Stepone, referredto as HS-partitioning,subdivides
theinputvoxel setanddiscardstheemptyvoxelswith
lessthan� (here� = 1) assignedsamplepoints. Fig-
ure3 (a)-(c).

� Steptwo, denotedasHM-wrapping,re�nes the HM.
The�rst performedregularre�nementsubdividesthe
HM faces. The following irregular re�nement links
thesubfacesto thevoxel complex. Additionally faces
have to becreatedto �ll resultinggaps.Figure3 (a)-
(c).

� Theat lastperformedvertex mappingprojectsthever-
ticesof thefacesof theHM. Figure3 (d)-(f).

Thestepsmentionedabove aredepictedin �gure 2.

3.2 Hierar chical Spatial Partitioning
Scheme

Thetaskof providing thenon-emptyvoxel setrepresenting
the topologyis managedthrougha simpleuniform octree
partitioningscheme.Due to its simplicity we only give a
shortsummary. The schemecomprisesof following suc-
cessivesteps:

� Subdividing every voxel into eight subvoxels andas-
signmentof therespective samplepoints.

� Classi�cationof thesesubvoxels into emptyandnon-
emptyones,eliminatingthosewhichareempty.

� Settinguptheneighborhoodconnectivity of all there-
mainingnon-emptysubvoxels.

� Generationof theverticesof theentiresubvoxel grid.

Once the subdivision step is performed,we classify the
generatedsubvoxels into empty and non-empty types
wherethe emptyonesare removed. Therebyvoxeswith
lessthan� assignedsamplepointsarede�ned to beempty.
Thevoxel grid is shown by �gure 8(a).Dueto performance
reasonsthecentroiddataneededfor vertex mappingis pro-
cessedwithin this step. The main problemis settingup
theneighborhoodconnectivity. Therefore,every subvoxel
needsto beconnectedto its immediateneighbor. Thereare
threedifferenttypesof connectivity: two voxelscanshare
a vertex, an edgeor a face. For the HM wrappingonly
thefacesharingconnectivity is of specialinterest.Another
pointwehaveto addressis how theverticesof thesubvoxel
grid arerepresented.Everyvoxel whichpossessesavertex
hasto shareit with max. 3 adjacentvoxels. This implies
that every vertex of a �nal facehasa minimal valenceof
3 anda maximumof 6. Whereasvalencemeansthenum-
berof connectedvoxel edges.In orderto keepthememory
footprint assmall aspossiblewe decidedto passthe ver-
ticesto thenewly createdsubvoxelsanddeletethosewhich
are no longer connectedto a voxel. Up to this point no
modi�cationswereenforcedon theHM.

3.3 Hybrid MeshWrapping

Wereferto basicprinciplesof hybrid meshes[4] in context
to our approach.Sincewe usequadrilateralfaces,we can



look ataHM asforrestof quadtreeswith someextensions.
Considerthefollowing two simplescenarios:

(a) (b)

Figure4. First scenariowhereevery subfacepossessesits
respective voxel. (b) correspondingHM-tree.

� Givena singlevoxel with its assignedquad-facerep-
resentedasrootnodeof theHM. After performingthe
HSP-process,we derive a setof subvoxels in wich 4
of thosearedirectly attachedto the associatedquad-
face(compare�gure 4(a)). Thefollowing regular re-
�nement splitsthequad-faceinto four subfaceswhich
aredirectlyappendedasleavesunderthecurrentnode
(�gure 4(b)). Sinceevery subfacewasassignedto an
immediatesubvoxel, no further irregular operations
areneeded.

� In the secondscenariooneof the four subvoxels at-
techedto the faceis empty. After facesplitting, the
subfacec needsto be replacedby two facese and
f, implying a topologicaloperationstoredin the HM
representationasshown in �gure 5(a). All newly cre-
ated subfacesare placedas children of the current
node,exceptfor nodec. In consequenceof theelim-
ination of a subvoxel, an abstractnodeis attachedto
the HM in placeterminatingthe facessubtree.Fur-
thermoretwo more facesarecreatedby the missing
subvoxel asshown in �gure 5(b). In orderto obtaina
consistantmeshthenew facesneedto berepresented
by nodesof the HM. This is doneby attachingthe
facesas root nodesto the HM. For further informa-
tion aboutHybrid Mesheswerecommendthework of
Guskow et al. [4]. Theupdateof connectivity infor-
mationsis summarizedin thefollowing.

Again, we candivide the work of the HM-wrappingstep
into two phases.Phaseoneis concernedwith the regular
facere�nementwhereasphasetwo subjectsthe irregulear
topologyre�nement. The contentof phaseoneis mostly
doneby discussingthe basicsof HMs. Oncethe entire
meshis subdividedwe needto link thenewly createdsub-
facesto their respective subvoxels.Moreprecisely:A sub-
voxel of a superiorvoxel canbeassignedto a facef sub if
it is immediatelyadjacentor if f sub can be directly pro-
jectedon it. Subfaceswith no associatedsubvoxels thus

(a) (b)

Figure 5. (a) Voxel-face relation showing one subface
without respective subvoxel. (b) CorrespondingHM-
connectiontree.

will bereplacedby anabstractfaceobjectterminatingthe
facessubtree. This is important to indicateall locations
for the subsequentlyperformedre�nement operationsof
phasetwo. After phaseone was completedthe HM still
consistsof smallholesandareaswith no assignedfacesas
depictedin �gure 8(b). To �ll thesegapswe applya face-
propagation-procedurewich usesthe abstractfacenodes
of the currentHM-level. First, a baseset of references
Sr = f r f 0 ; r f 1 ; :::g is generatedwhoseelementspoint to
thefacesadjacentto suchaterminationnode.Thisrequires
knowledgeof thefacesneighborhoodconnectivity. There-
forewe exploit theway thesubfaceswereattachedto their
parents.OncethecompletesetSr is foundwe remove the
(no longerneeded)astractfacenodesandstartgenerating
thosemissingfaces. The latter is doneby consecutively
performingthefollowing actionsfor every r f 2 Sr .

(a) (b) (c)

Figure6. Potentiallocationsof theadjacentfaceattached
to thevoxel edgeef .

The�rst actionveri�es thenumberof faceswich are
directly adjacentto the facef correspondingto r f . Since
we areonly interestedin adjacentfacessharingedgesto f
we canidentify at most4 neighborsper face. By travers-
ing theHM conectivity treewe �nd theregularneighbors.
Additional connectivity information is usedto �nd those
surfacesthatwereirregularyattached.For thecasethat f
knows all of its neighborsits referencewould beremoved
from Sr andthenext facewouldbeconsidered.Otherwise
the algorithm tries to �nd the adjacentfaces. Therebyit
is possiblethat the correspondingneighborsalreadyhave



(a) (b) (c) (d) (e)

Figure8. (a)Voxel grid for Stanforddragononre�nementlevel 5, (b) partiallysolvedface-voxel relationsprior to theenforced
facepropagation; (c) HM after the processedfacepropagation, (d) dragonafter the Vertex Mappingstep; (e) �nal dragon
approximationafter7 re�nementstepswith 43489faces

Figure7. Vertex con�gurationwith 4 adjacentvoxels.

beencreatedbut were not linked, so far. The algorithm
therefore�rst tries to �nd theunknown neighborsby pro-
cessingthecorrespondingedgeef sharedby thefaceto its
missingneighborandtheallocatedvoxel. By considering
threecasesanunknown facecanbeconnectedto f , asrep-
resentedby �gure 6, we areableto determineits potential
locationtogetherwith its associatedvoxel. If no facewas
detected,a new onehasto beconstructedwich is thenat-
tachedasnew root nodeto the HM-tree andits reference
is addedto Sr . In both caseswe just needto set up the
connectivity information.

After �nishing Sr we obtaina closedHM represent-
ing the outer surfaceof the solid voxel complex. As no
restrictionsweregivenyetto thepropagationprocessapos-
siblecavity of themodelcanoccur. To preventanoutwash-
ing we tie the facepropagation to a terminationcriterion.
This prohibitsthepropagationof a faceover anadjoining
voxel for case(a)and(b) of �gure 6 wich alreadypossesses
anoppositeface.Theresultof thefacepropagationis pre-
sentedby �gure 8(c).

3.4 Vertex Mapping

The �nal stepconsistsof performingthe relocationof all
verticesV of theface-network correspondingto cornersof
thevoxel grid. This relocationprojectseveryvertex v 2 V
with position ~p 2 R3 to a planarsurfaceapproximation.
In orderto �nd this approximatingplain,we needa center

~c 2 R3 andits normalvector~n. The�rst stepto solve this
problemis to �nd thepointsetwhichis encapsulatedby the
voxelsadjointedto v. For thefollowing thoseis referredto
asP. Sincethe computationof the respective voxel cen-
troidswasalreadyperformedin theHSP-stepwe just need
to averagethemto obtainthecentroidbelongingto v. With
knowledgeof P thenormalof theplain is obtainedby per-
forming PCA on it. Therebythe normalizedeigenvector
correspondingto thesmallesteigenvalueof thecovariance
matrixof P is chosento be~n. Theprojectedpoint is:

~p0 = ~p � ((~p � ~c) � ~n)~n

Figure7 reviews the vertex mappingprocessconsidering
two differentcasesasexample.Sincewe have chosen� to
be1 for thereasonstatedin subsection3.3it canoccurthat
lessthan3 samplepointswereassignedto a vertex. How-
ever, in order to perform PCA, a minimum numberof 3
samplepointsarenecessary. This is solvedby addingaux-
iliary pointsfrom adjacentvoxels.Theresultingmeshafter
completionof thevertex mappingfor theStanforddragon
is shown in �gure 8(d) .

4 Results

The main strengthof our Algorithm lies in its low time
complexity andadaptivity. We have proventherobustness
of our methodon several objectsof high complexity. Ta-
ble 1 presentsthe performancedataof our reconstruction
methodon anIntel Pentium4 basedSystemwith 1.6GHz
and256MB RAM by applyingit to thesampleddatapoints
of arabbid,dragon,abuddha[20] androckerarm[19]. Ta-
ble 2 presentsthe processingtimes for every re�nement
level of therockerof �gure 1.

To �nd the overall time complexity we needto look
at every re�nementstep,separately. We �rst considerthe
complexity for thehierarchicalspatialpartitioningprocess.
Obvisously, this is equalto insertingpointsto anoctree.As
provenin [13] thiscouldbeachievedfor anoctreeof depth
d in O(dn) whereasd in our casedenotesthe re�nement
level andn is the numberof points. In practiced is not



Object points faces ref. time[sec]
level

Rabbit 8171 3871 5 0.67
Rocker Arm 40177 29694 7 5.64

Dragon 437645 43489 7 12.04
Buddah 543652 33364 7 10.14

Table1. Processiontime for a coupleof modelsat a given
re�nement level (Vertex Mappingperformedafter the last
subdivisionstep).

ref. voxels faces time[sec]
level

2 16 40 4.00
3 91 150 2.95
4 390 496 2.34
5 1763 2021 2.12
6 7430 8134 2.97
7 29743 33364 6.69

Table2. Processiontime for every re�nementlevel of the
Buddahpoint set[19] of �gure 1 (full processedVM after
eachstep).

chosento be > 10 andthusd � n (typically n � 105)
wich leadsto a time complexity of O(n). Due to the re-
striction criterion we de�ned in the previous subsectiona
maximalnumberof 3 facescanbeassociatedwith avoxel.
HencetheHM-Wrappingdependslinearly on thenumber
of voxels and on the numberof spatialsubdivision steps
d. Theoreticallya maximalnumberof n voxels could be
createdif everyvertex wouldbeenclosedby its own voxel.
For this casewe obtain a worst-casetime complexity of
O(n). Sincethe computationtime for PCA is linear, we
canalsoestimatea worstcasetime complexity of thever-
tex mappingstepto beO(n).

After combining the 3 stepswe obtain an overall
worst casetime complexity of our surfacereconstruction
which dependslinearly on the numberof given sample
points.

5 Conclusions

We presenteda robust and adaptive reverseengineering
method for the reconstructionof surfaces from three-
dimensionalpoint clouds. The methodprovidesa hierar-
chy of quadrilateralmesheswith geometricalandtopolog-
ical re�nement.To avoid unwantedholes,topologycanbe
�x edatauser-de�ned level of resolution.
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