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Comparative Visualization for Wave-based and Geometric
Acoustics

Eduard Deines, Martin Bertram, Jan Mohring, Jevgenij Jegorovs, Frank Michel, Hans Hagen, and Gregory M. Nielson

Abstract —We present a comparative visualization of the acoustic simulation results obtained by two different approaches that were
combined into a single simulation algorithm. The �rst method solves the wave equation on a volume grid based on �nite elements. The
second method, phonon tracing, is a geometric approach that we have previously developed for interactive simulation, visualization
and modeling of room acoustics. Geometric approaches of this kind are more ef�cient than FEM in the high and medium frequency
range. For low frequencies they fail to represent diffraction, which on the other hand can be simulated properly by means of FEM.
When combining both methods we need to calibrate them properly and estimate in which frequency range they provide comparable
results. For this purpose we use an acoustic metric called gain and display the resulting error. Furthermore we visualize interference
patterns, since these depend not only on diffraction, but also exhibit phase-dependent ampli�cation and neutralization effects.

Index Terms —acoustic simulation, comparative visualization, ray tracing, �nite element method, phonon map
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1 INTRODUCTION

Despitetheobviousdissimilaritybetweenourauralandvisualsenses,
many techniquesrequiredfor the visualizationof photo-realisticim-
agesandfor theauralizationof acousticenvironmentsarequitesim-
ilar. Both applicationscanbe served by geometricmethodssuchas
particle-andray tracingif we neglecta numberof lessimportantef-
fects.
Recallthedifferencesbetweenlight andacoustics:Thevisible spec-
trum is located between400 and 700 nanometersof wavelength,
whereasthe lengthsof soundwaves in the perceivable rangeW =
[20Hz;20kHz] arelocatedroughlybetween17mmand17m. For this
reason,diffractionplaysa greaterrole for sound,i.e. in particularlow
frequenciesdo not spreadlinearly but alsodistribute aroundcorners
and are not affectedby smallerobstacles.Diffraction turns the lo-
calizationof soundsourcesinto a challengingproblem. In addition,
soundwavesaremostlyre�ectedin a specularway evenat roughsur-
faces,sincethe greaterwavelengthsarenot sensibleto micro facets.
Onacoarserscale,for examplewhenmodelingthousandsof chairsin
aconcerthall, bi-directionalre�ection distribution functionsappearto
beusefulfor acoustics,aswell.
Humanvisualreceptorscandistinguishonly threedifferentbasiscol-
ors (red / green/ blue). But, what is the acoustic“color” of a mate-
rial? It canbedescribedby afrequency-dependentabsorptionfunction
which is smoothin mostcasesandthuscanberepresentedby few co-
ef�cients. Thus,it appearsto beharderto “hear” theacousticcolors
of objectsratherthanseeingtheir real colors,despiteof the fact that
wecanpreciselydistinguishbetweendifferentfrequencies.
By meansof thesimulationof roomacousticswe want to predictthe
acousticpropertiesof a virtual model. For auralization,a pulsere-
sponse�lter needsto beassembledfor eachpairof sourceandlistener
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positions.Theconvolutionof this �lter with ananechoicsourcesignal
providesthesignalreceivedat thelistenerpositions.Hence,thepulse
response�lter mustcontainall reverberations(echos)of a unit pulse,
including their frequency decompositionsdueto differentabsorption
coef�cients.
In apreviouswork, wedevelopedasimulationmethodnamedphonon
tracing, [4] sinceit is basedon particles.This methodis alsouseful
for the visualizationof wave fronts and for analyzingof the impact
of virtual geometriesequippedwith acousticproperties[7]. Likeother
approachesto geometricacoustics[16,1,8], ourmethodcomputesthe
energy decompositionfor eachphononsentout from a soundsource
andusesthis in a secondpass(phononcollection)to constructthere-
sponse�lters for differentlisteners.Theattenuationof energy, which
is inverselyproportionalto thesquareddistance,matchesthedensity
of particleswhenspreadingout from asphericalsource.
In orderto supportandunderstandtheeffectof diffraction,wepresent
anovel algorithmfor FEM-basedsolutionof thewaveequation,appli-
cableto realtime auralization.To reducethecomputationalcomplex-
ity, we derive a state-spacesystemrepresentingthe relevant eigen-
modes. The degreeof excitation of thesemodesis updatedby each
new inputsample.However, asthegrid sizehasto besmallerthanthe
wave lengthFEM is restrictedto thelower frequency spectrum.
Whencombiningboth methods,we needto know in which rangeof
frequencies(relative to thescaleof avirtual model)theresultsof both
methodsmatch.Furthermorewe needto calibratethesemethodsand
derive anerrorestimatebasedon a comparison.Thepresentpaperis
concernedwith this task. In particular, we make thefollowing contri-
butions:

� We improve the phonontracingmethodby taking into account
pressureratherthanenergy. Thisallowsabettercomparisonwith
FEM, which is alsobasedon pressurecalculation,andaccounts
for interferencephenomena.The linearpressureattenuation(in
contrastto quadraticattenuationfor energy) is modeledby Gaus-
sian basisfunctionsthat are dilated proportionalwith the tra-
verseddistance.This way we approximatelyconserve partition
of unity for ourbasisfunctions.

� We presenta novel FEM-basedsolver for the simulation of
diffractionat low frequency bands.Theanechoicsourcesignal
is thenseparatedinto mid to high frequenciesprocessedby the
improvedphonontracingandlow frequenciesprocessedby our
derivedstate-spacemodel.

� We presenta comparative visualizationof interferencepatterns
obtainedby bothmethods(see7). Interferenceoccurswhenmul-
tiple pressure�elds areadded,causingampli�cation in someand
neutralizationin other regions. This cannotbe donewith en-
ergy distributions,sincethesearenon-negative (proportionalto
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squaredpressure).For comparison,weusestandardmetricslike
gain, equivalentto relativeenergy ona logarithmicscale.

The remainderof our work is structuredasfollows: In section2 we
review previous work. Section3 containsthe improved phononmap
andourFEM-basedsolver. Comparativevisualizationresultsandtheir
evaluationareprovidedin section4.

2 PREVIOUS WORK

In thetheoryof acousticstherearetwo mainapproachessimulatingthe
propagationof sound.The �rst approachis basedon wave equations
thatarenumericallysolved,for exampleusing�nite elementmethods
(FEM). The simulationresultsarevery accurate,but the complexity
increasesdrasticallywith the highestfrequency considered,sincea
volumegrid with O(n3) cellsneedsto beconstructedwheren is pro-
portional to the highestfrequency. The time complexity for solving
this is typically O(n3 log n3). Hence,thewave modelis suitablefor
low frequenciesonly.
The secondapproach,known as geometricacoustics,describesthe
soundpropagation by soundparticlesmoving along a directedray.
Thereexists a variety of suchmethodsfor simulatingroom acous-
tics. They aremostlybasedon opticalfundamentals,andmake useof
approachesdevelopedthere.Two classicalmethodsfor acousticsim-
ulationaretheimage-sourcemethod[1, 5] andtheraytracingmethod
[16, 17]. Due to the shortcomingsof the two classicalapproaches,
continuative methodshave beendevelopedin recentyears. Mostly,
they employ partsof theclassicalschemesor a combinationof them.
Oneapproachthatmakesuseof advantagesof image-sourcemethod
andraytracingis introducedin [21]. Herethe visibility checkof the
image-sourcealgorithmareperformedvia raytracing. Beam-tracing
methods[8, 9, 18] overcomethe aliasingproblemof classicalray-
tracingby recursively tracingpyramidalbeams,implying theneedfor
highly complex geometricoperations,still ignoringdiffractioneffects
at low frequencies.Other approachesutilizing the photonmapping
[11] alsoexist [13].
Our phonon tracing approach[4] precomputesparticle tracesand
recordsthe phonons'direction and energy at re�ecting surfacesfor
thecollectionphase.Theparticlescontributeto theroomimpulsere-
sponseatgivenlistenerpositions.Additionally, wevisualizethesound
wave propagationby useof color codedspheresrepresentingparticu-
lar phonons.Thecolor of thesespherescorrespondsto theenergy de-
compositionof thephonons.An optionto visualizeonly wave fronts
re�ecting from oneselectedmaterialwasprovided(see�gure 1).
In anotherwork [7] we presentdifferentvisualizationsof thephonon

(a)

(b)

Fig. 1. Visualization of sound wave propagation. (a) different wave
fronts. (b) re�ections on the bottom.

map.The�rst threetechniquesvisualizethewave frontson thescene
surfacesindependentof listenerposition. First of all we rendered
phononsas color codedspheresat their positionson re�ecting sur-
faces. Furthermore,we visualizethe outgoingdirectionof different
particlesby useof cones. In the secondmethodwe visualizedthe
soundwavefrontsre�ecting from differentmaterialsby useof triangu-
latedsurfaces,whicharedeformedaccordingto thetraverseddistance
of thephononscontributing to this wave front. In the third visualiza-
tion methodwe representedthe energy distribution on a given scene
surfaceby meansof scattereddatainterpolation. All threemethods
provide the option to renderthe energy consideringthe overall fre-
quency spectrumor the energy of only oneselectedfrequency band.
Energy is color codedusingtheRGB color spacein the�rst caseand
theHSV color spacein thesecondcase.Additionally to themethods
describedabove,we visualizedtheenergy receivedat a givenlistener
position.Thereforewe rendera color codedsphereat thelistenerpo-
sition deformedaccordingto the directionandamountof thearrived
energy. Thesevisualizationapproachesallow thevisualrepresentation
of thephononmapon thescenesurfacesaswell astherepresentation
of theenergy receivedby a listener. Figure2 shows thevisualization
resultsof thedescribedtechniques.
Themethodsdescribedaboveareall basedonthephononmap.Since

(a) (b)

(c) (d)

Fig. 2. Visualization of phonon map. (a) phonons on surfaces. (b) wave
front visualization. (c) scattered data interpolation. (d) listener-based
visualization.

we combinethis methodwith FEM, we wantto studythebehavior of
both methodsin the overlappingfrequency domainto estimatehow
they relateto eachother.

3 ACOUSTIC SIMULATION

3.1 Impr oved Phonon Tracing

In this section we presentan improved phonon tracing approach,
wherewe usesoundpressurefor calculations,insteadof energy. The
idea is analogousto [4] to tracesoundparticlesoutgoingfrom the
soundsourcethroughthe given scenebuilding the phononmap. Af-
terwardsthephononsarecollectedin ordertocalculatearoomimpulse
responseatagivenlistenerposition.
Oursimulationalgorithmrequiresthefollowing input information:

� positionof soundsources

� oneoremorelistenerpositionsl i

� a triangulatedscenewith taggedmaterialsmj

� anabsorptionfunctiona j : W7! (0;1] for eachmaterial
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� anumberof phononsnph tracedfrom thesource

� a lower pressurethreshholde anda maximumnumberof re�ec-
tionsnref l for terminatingthephononpaths

The output of our approachis a FIR �lter fi for each listener's
positionl i correspondingto the impulseresponsewith respectto the
soundsourceandthephonon-mapcontainingfor eachphononph the
pressurespectrumpph, the phonon's position ptph at the re�ection
point, the imagesourceqph from which we can calculatephonons
outgoing direction vph and the traverseddistancedph, number of
re�ectionsrph, andthematerialmph at thecurrentre�ection.
Our simulationalgorithmconsistsof two steps: the phonontracing
step constructsthe phonon map, and the phonon collection and
�ltering step collects the phonon's contribution to a FIR �lter for
every listenerposition.

Phonon tracing. Everyphononphemittedfrom thesoundsource
carriesthefollowing information:

� apressurespectrumpph : W7! R+

� thevirtual sourceqph

� thephonon's currentpositionptph

Our absorptionandpressurefunctionsa j arerepresentedby ne = 10
coef�cients associatedwith the frequencies40;80;160; :::;20480Hz.
The basisfunction for the pressurespectrumarewaveletsaddingup
to aunit impulse.Everyphononis composedof differentfrequencies,
which is moreef�cient thantracinga singlephononfor eachindivid-
ual frequency band.
Phononsareemittedfrom thesourcesaccordingto theemissionprob-
ability distribution E andhave at their startingpoint a unit pressure
spectrumpph;i = 1 (i = 1; :::;ne). At the intersectionof the phonon
raywith thescene,thevirtual sourceqph is calculatedasfollows:

qph  qph+ 2� h(ptph � qph);ni � n (1)

wheren is thesurfacenormalat theintersectionpoint ptph. Thepres-
sureis reducedaccordingto the absorptioncoef�cients of the local
materialmj . Thephononis �x edat the intersectionpoint, contribut-
ing to aglobalphononmap.
If the maximumpressureof the phonon's spectrumstill exceedsthe
pressurethreshold,i.e. maxf pph;ig

ne
i= 1 > e anda maximumnumber

of re�ections is not reached,thenext phononre-usesthepathandthe
pressureof the precedingone,saving computationtime. It is started
at thecurrentpositionwith respectto theoutgoingdirectiondph and
contributesto thephononmapat thenext surfaceintersection.If the
thresholdis not exceededanda minimumnumberof re�ections have
beencomputed,thena new phononis startedfrom thesource.After
we have tracednph phononsfrom the sourceor a prescribednumber
of phononshave contributedon theglobalphononmap,thetracingis
terminated.

Phonon collection and ®ltering. The remaining task of the
phonontracing methodis collecting the phonon's contribution to a
impulseresponse�lter f for every listener'spositionl .
In the caseof a point sourceanduniform absorptionfor all frequen-
cies,thecontribution of a phononvisible from thelisteneris simply a
scaled,translatedunit pulse(Dirac). TheDirac is shiftedby the time
elapsedbetweenemissionand receptionof a phonon. The scaling
decreaseswith theaccumulatedlengthandwall absorptionalongthe
phononpathanddependson theanglebetweenthephonondirection
andthedirectionfrom thevirtual sourceto thelisteningpoint:

p(t;x) =
r tot p0

dph
w

�
\

�
vph;x� qph

�
�

� dfs

�
t �

dph

c

�
(2)

where p0 is a referencepressureat 1m from the source,r tot is the
productof there�ection coef�cients alongthephononpathandw is a
Gaussianweightingfunctiondesignedin sucha way that for equally
distributedphonondirectionson theunit spheretheassociatedGaus-
sianapproximateapartitionof unity:

w(f ) =
2

nphs 2 e� f 2

2s 2 : (3)

Choosings thereis a tradeoff betweensmoothnessof the partition
of unity andresolutionof geometricdetailsof thescene.Thediscrete
Dirac impulsefor samplingrate fs is de�ned as

dfs(t) =
�

1 t 2
�
0; f � 1

s
�

0 else
: (4)

Sincewetracepressureratherthanenergy in orderto simulateinterfer-
encephenomena,theattenuationwith respectto distanced =

�
�x� qph

�
�

is proportionalto d� 1 ratherthand� 2. Absorptioncoef�cients a to be
found in the literaturerefer to energy. Thepressurerelatedre�ection
coef�cient reads:

r =
p

1� a : (5)

In classicalacousticraytracing[16,17],asphereis usedto collectrays
at listenerposition. Using Gaussianbeams,however, providesmuch
smoother�lters, sincemorephononrayscontributeto the�lter .
In themoregeneralcaseof frequency-dependentabsorption,theunit
impulseis subdivided into waveletsrepresentingthe individual fre-
quency bands.The�lter becomesthena sumof thesewaveletsscaled
andshiftedasdescribedabove. The �lter design,especiallythe cor-
respondingbandpass�lters (wavelets),is describedin full detail in
[4].

3.2 Finite element method (FEM)

Phonontracingor any othermethodbasedongeometricacoustics(ray
tracing,mirror image)fail in thelow frequency rangefor two reasons:

1. Wavelengthsareof theorderof typical dimensionsof theroom.
Hence,diffractionandinterferencecanno longerbeneglected.

2. Dampingis typically low at low frequenciesandreverberation
timesbecometoo long to berepresentedby aconvolutionkernel
of reasonablelength.

Therefore,we have to fall backon wave acousticsto simulatethelow
frequency partof thesound�eld. Thecrucialquestionis, if thereis an
intermediatefrequency rangewhereboth,geometricandwave based
methodsprovide similar results,or if thereremainsa gap to be �lled
by a third method.This questionwill be investigatedin thenext sec-
tion. First,wepresentanef�cient wayto usewavebasedmethodsin a
transientacousticsimulationandexplain,why thesemethodscanonly
beappliedat low frequencies.
For closedroomsthewave equationis preferablysolvedby the�nite
elementmethod(FEM), which approximatesthe wave equationby a
largesystemof ordinarydifferentialequations(ODEs)theunknowns
of whicharethepressuresatgrid pointscoveringtheroom.In general,
thereareby far too many unknowns to solve thesesystemsof ODEs
in real time. Hence,we needto reducethesystemto a concisestate-
spacemodelwith similar input-outputbehavior in thefrequency range
of interest.
Therearemany differentapproachesto modelreduction[2]. Thecom-
mon observation is that systemdynamicscan often be represented
quitewell by a superpositionof a few (generalized)eigenmodes.The
coef�cients of thesemodesaretheunknownsof thenew reducedsys-
tem. Finally, assumingsamplewise constantinput (e.g. acceleration
of the loudspeaker membrane),the continuousstate-spacemodel is
transformedinto adiscreteone,whichcanbesolvedin realtime.
In the following we list the stepsto get from the wave equation(6)
to a reduceddiscretestate-spacemodel (11) describingthe transient
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responseof a roomto anexcursionsof a loudspeaker membrane.The
waveequationandassociatedboundaryconditionsread:

¶2p
¶t2 � c0

2Dp = 0 on G

c0
¶ p
¶n

= �
1� R
1+ R

¶ p
¶t

on Gw

¶ p
¶n

= � r 0
¶2xm

¶t2 on Gm : (6)

p = p(t;x) denotespressure,c0 = 343m=s thevelocity of sound,and
r 0 =1.2 kg/m the densityof air at room temperature,G the interior
of the room,andGw andGm thesurfacesof walls andmembrane,re-
spectively. xm is theexcursionof themembraneandR is a re�ection
coef�cient. It maydependontheparticularwall, but is constantfor all
frequencies.This is a minor problem,aswe usethemodelonly for a
smallfrequency band.
Approximatingthepressuredistribution by a superpositionof, for in-
stance,piecewise quadraticansatzfunctionsp(t;x) = å N

i= 0 pi(t) j i(x)
andintegrating(6) with respectto thej i givesaFEmodelof theform:

Mp̈+ D �p+ Kp = Fu
y = Pp : (7)

TherealN � N matricesM;D;K arecalledmass,damping,andstiff-
nessmatrix. p = p(t) is a vector composedof the coef�cients pi .
u = u(t) is the input, e.g. theaccelerationof themembrane.F trans-
formsthis input into aforce.P is aprojectionmatrixextractingcertain
interestingpressuresyi .
Setting

x̂ =
�

p
�p

�
; Ê =

�
I 0
0 M

�
; Â =

�
0 I

� K � D

�
;

B̂ =
�

0
F

�
; and Ĉ =

�
P 0

� (8)

theFEmodelmayberewrittenasageneralizedstate-spacemodel:

Ê �̂x = Âx̂+ B̂u
y = Ĉx̂ : (9)

Assumingthat x̂ is essentiallycomposedof the columnsof a matrix
U 2 RN� n, n � N, andprojectingthe equationson the columnsof
V 2 RN� n weendupwith a reducedstate-spacesystemwhere

x̂ = Ux̃; Ẽ = Vt ÊU ; Ã = Vt ÂU ; B = Vt B̂; C̃ = ĈU : (10)

The columnsof U andV may be found by expandingthe associated
transferfunction H(s) = Ĉ(sÊ � Â)� 1B̂ aboutsomeshifts sj = iw j .
Here,we usedthe rational dual Arnoldi algorithmdescribedin [20].
Finally, dividing the �rst equationof the reducedversionof (9) by
Ẽ andperforminga balancedtruncation[22] we endup with a state-
spacesystemof typically a few hundredunknownsratherthanseveral
10,000degreesof freedom.Integratingthereducedversionof (9) over
thelengthDt of onesamplefor constantinputun, i.e.

xn = e
ÄADt xn� 1 +

Z Dt

0
e

ÄA(Dt� t ) dt B̃un� 1;

leadsto adiscretestate-spacesystem

xn = Axn� 1 + Bun� 1

yn = Cxn : (11)

Switching to a suitablebasisxn = Txn it is always possibleto turn
thesysteminto companioncanonicalform [15], wherethe �rst n� 1
rows of A coincidewith the last n � 1 rows of the identity matrix of
ordern, the last row containsthe negative coef�cients of the charac-
teristicpolynomialof A, andB is then-th unit vector. Hence,updating

thestatevectorxn andevaluatingthepressureat a certainpositionre-
quires2n multiplicationsand2n� 1 additions.
Finally, we explain why FEM cannotbeusedfor higherfrequencies.
FEM approximatestheoscillatingpressure�eld by smooth,e.g.piece-
wise quadraticansatzfunctions.To resolve a wave we needat least
threeor four elementsperwave. This leadsto aFEmodelof about

N =
�

nLf
c0

� 3

(12)

degreesof freedom,wheren is thenumberof elementsperwave, L a
typical diameterof the room, f the frequency andc0 the velocity of
sound. Note that the requirednumberof unknowns increasesasthe
third powerof thefrequency!

4 COMPARISON APPROACH

4.1 Test Scenario

Fig. 3. Geometry of the room.

In order to compareboth simulationapproachesdescribedin the
previoussectionwe considerthefollowing testcase,designedto pro-
duceinterferencepatterns.We run theFEM andphonontracingin a
roomof 5 meterslength,1 meterwidth, and1 meterheightwith agap
of 0.5meters(see�gure 3). Weplacethesoundsourcein thecornerof
theroom. Thetwo long walls re�ect thesoundwave totally, whereas
theremainingroomsurfacesaretotally absorptive. Choosingtheab-
sorptioncharacteristicsof theroomin this way we modelanarrayof
soundsourcesasoutlinedin �gure 4. Now we canobserve interfer-
enceeffectsaswell asdiffractioneffectsbehindthegap.
In phonontracingwesimulatethepressureinsidetheroomonaregu-

Fig. 4. Simulation Scenario.

lar grid (561pointsin total). Wetrace100000phononsfrom thesound
sourcein orderto calculatetheroomimpulseresponsesfi at thegrid
points. Figure5 shows thewave propagation from thesoundsource.
Afterwards,for determiningthepressureat a grid point gi for a given
frequency w weconvolveasinesignalof frequency w with f i andob-
tain at the position lefi + 1 of the resultingsignal the pressureat gi .
lefi is thelengthof theroomimpulseresponseat i-th grid point.
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(a) (b) (c)

Fig. 5. Visualization of particle (phonons) propagation from the sound source in three consecutive time steps.

Comparingthe resultsof phonontracingandFEM, we considersta-
tionarysound�elds originatingfrom a sourceemittingonly onepar-
ticular frequency. The correspondingFEM solution is computedin
termsof thereducedcontinuoustimesystem:

y(s) = C̃
�
sẼ � Ã

� � 1 B̃ (13)

wheres = 2pi f . Themeansquaredpressureat the i-th grid position
reads:

p2
i =

1
T

TZ

0

pi(t)2dt =
1
2

jyi j
2 (14)

For visualizationthe resultsare interpolatedto the samegrid as in
phonontracing.Wehavecomparedthesimulationresultsfor different
wave numbersk = 2p

l = f 3;6;9;12;15g wherel is thewave length.
Hence,we considerwave lengthsof theorderof thegapwidth. Note
that choosingthe shifts in the Arnoldi algorithmto matchthe above
wave numbers,i.e. sj = ik jc0, then the reducedmodel is exact at
thesewave numbersandresultscoinsidewith thoseof the full FEM
simulation.

4.2 Interf erence Pattern Visualization

In the �rst stepwe have comparedthe pressuredistributions to val-
idatewhethersimilar interferencepatternsappear. For visualization
we usea quadmesh,which we color codedin thefollowing way. We
mappositivepressurevaluesto redcolorandnegativepressurevalues
to bluecolor andreducethesaturationof thecolor, dependingon the
absolutepressurevalueat the consideringposition. Additionally, all
pressurevalueswith anabsolutevaluelessthanthehearingthreshold
level (2� 10� 5 Pa)aremappedto graycolor. Theresolutionof thedis-
playedmeshis higherthanthat of the simulationmesh,the pressure
valuesof the additionalpointsare thenbilinearly interpolated.Fig-
ures7 and6 show examplesof our interferencepatternvisualization
for wave numberk = 12 andk = 6, respectively. The resultsshow
thatbothmethodsfaithfully reproducematchinginterferencepatterns,
wheretheresultsobtainedby FEM appearto besomewhatsmoother.
Thepatternsatk = 12arecloserto eachotherthanthatatk = 6. Wave
propagationis illustratedmoreintuitively, whenpressuresaremapped
alongthenormalto thelisteningplaneasshown in �gure 8.

4.3 Gain Visualization

For a moredetailedcomparisonwe turn to anacousticmetric,called
gain, which is essentiallythe logarithmof themeansquaredpressure
[19]:

G = 10log10

 
å m

i= 0 p2
i

å m
i= 0 p2

10i

!

dB (15)

Sincesourceshave beenmodelleddifferently(point sourcein phonon
tracingandsmallmembranein FEM), thesound�elds arenormalized
by a linear �t excluding the direct neighborhoodof the sources.For
visualizationof thegainandtheerrorweuseaquadmeshcolorcoded

(a)

(b)

Fig. 6. Interference pattern. FEM simulation (a) and phonon tracing (b)
for the wave number k=6.

from red (maximumvalue) to blue (minimum value). Thereforewe
interpolatethehuevalueof theHSV colorspaceaccordingto thegain
value and error, respectively. Valuesfor additionalmeshpoints for
renderingarebilinearly interpolatedasmentionedbefore. To ensure
bettercomparisonfeasibility, for thegainweusethesamecolor range
for differentsimulationtypesatsamefrequencies.Moreover, thesame
colorrangeis usedfor all errorplots.As thegainis alogarithmicmea-
suretherelativeerrorof thepressuresis proportionalto thedifference
of thegainvaluesandcanbecalculatedas:

e = d
ln(10)

20
with d = kGphj � Gf emj k (16)
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(a)

(b)

Fig. 7. Interference pattern. FEM simulation (a) and phonon tracing (b)
for the wave number k=12.

whereGphj andGf emj is the gain at grid point j calculatedwith re-
sultsfrom phonontracingandFEM method,respectively. Our results
are summarizedin table1. We canobserve a decreaseof the error
until k = 12,sincethediffractioneffectsneglectedby thephonontrac-
ing approachbecomesmaller. Due to the shortcomingsof the FEM
methodathigherfrequenciestheerroramountincreases.Considering
theresultswe cansaythatbothsimulationmethodsarematchedbest
at wave numberk = 12. In �gures 9 (c), 10 (c), and11(c)we canno-
tice,thattheblueregionsontheerrorplotsarepredominantindicating
overall errordecrease.Thegainplotsof FEM andPhononTracingre-
sultsat k = 12 (�gure 11 (a+b))arecloserasthoseat k = 3;6 (�gures
9 (a+b),10 (a+b)). TheFEM approachis themathematicallycorrect
methodin thefrequency spectrumthatcanberepresentedby thegrid
(dueto theNyquist limit). In orderto keepthecalculationcostof the
FEM appropriate,the wave lengthreachesthe orderof the grid size
andFEM becomesinaccurate.The PhononTracingis the moreef�-
cientmethodandprovideatk = 12similarresultsastheFEM, thuswe
canuseit for thesimulationof theacousticsat thefrequenciesabove
k = 12,whichcorrespondsto awave lengthof half thegapwidth.

k 3 6 9 12 15
d 8.216 5.164 3.989 3.784 4.903
e 0.946 0.595 0.459 0.436 0.565

Table 1. Absolute and relative error in dB between FEM and phonon
tracing.

5 CONCLUSIONS

We introduced two acoustic simulation methods, a FEM-based
approachfor low frequency bandsand an improved phonontracing

(a)

(b)

Fig. 8. Visualization of wave propagation. FEM simulation (a) phonon
tracing (b) for the wave number k=6.

methodapplicableto mediumandhigh frequencies.TheFEM-based
solution is transformedinto a state-spacesystemthat producesa
low-frequency responsesignal in real time when stimulatedby the
anechoicsourcesignal. Our improvedphonontracer, which is based
on pressureratherthanenergy, accountsfor interferencephenomena
andcalculatesa room impulseresponsefor given listenerpositions.
The fast convolution of theseimpulse responseswith the anechoic
signalissuesthemid- andhigh-frequency componentsof theresponse
signal.
In orderto combinethesetwo methodsweneededto �nd outwhether
both methodsproduce comparableresults in a certain frequency
rangethatalsoneededto beestimated.With theaid of a comparative
visualizationfor bothmethodswe wereableto �nd theanswerto this
question. Thereforewe constructeda simpleperiodicscenariowith
onesoundsourceandperfectlyre�ecting sidewalls. In thedirection
orthogonalto thesewalls we placeda short,fully absorbingwall with
a gap, suchthat interferencepatternscould emerge behindthis gap.
We �rst visualizethepressurevaluesresultingfrom bothsimulations
in order to representinterferencepatterns. Additionally, for a more
accuratecomparisonof the methodswe turn to an acousticmetric
”gain” andvisualizethegain aswell astheerrorbetweentheresults.
For comparisonwe simulate the acousticsat different wavelength
k = f 3;6;9;12;15g.
Theresultingimagessuggestedthatbothmethodswereableto faith-
fully reproducecorrectinterferencepatterns.With our visualization
we wereableto �gure out at witch frequency rangethe two methods
match. The lowest discrepancy was obtainedat k = 12, which
correspondsto a wave lengthof half thegapsize(0.5 m). For higher
frequencies,the grid requiredby FEM soonbecomesprohibitively
large and for lower frequencies,the lack of diffraction reducesthe
�delity of phonontracing.
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(a) (b) (c)

Fig. 9. Gain visualization (values in dB). (a) FEM simulation, (b) phonon tracing, and (c) the relative error by wave number k=3.

(a) (b) (c)

Fig. 10. Gain visualization (values in dB). (a) FEM simulation, (b) phonon tracing, and (c) the relative error by wave number k=6.

(a) (b) (c)

Fig. 11. Gain visualization (values in dB). (a) FEM simulation, (b) phonon tracing, and (c) the relative error by wave number k=12.


